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INVARIANCE OF IMMERSED FLOER COHOMOLOGY
UNDER LAGRANGIAN SURGERY
JOSEPH PALMER AND CHRIS WOODWARD
Abstract. We show that cellular Floer cohomology of an immersed Lagrangian
brane is invariant under smoothing of a self-intersection point if the quantum
valuation of the weakly bounding cochain vanishes and the Lagrangian has di-
mension at least two. The chain-level map replaces the two orderings of the
self-intersection point with meridianal and longitudinal cells on the handle cre-
ated by the surgery, and uses a bijection between holomorphic disks developed by
Fukaya-Oh-Ohta-Ono [32, Chapter 10]. Our result generalizes invariance of po-
tentials for certain Lagrangian surfaces in Dimitroglou-Rizell–Ekholm–Tonkonog
[23, Theorem 1.2], and implies the invariance of Floer cohomology under mean
curvature flow with this type of surgery, as conjectured by Joyce [40].
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1. Introduction
A Lagrangian immersion in a compact symplectic manifold with transverse self-
intersection defines a homotopy-associative Fukaya algebra developed by Akaho-
Joyce in [6]. The framework of Fukaya-Oh-Ohta-Ono [32] associates to this algebra
a space of solutions to the projective Maurer-Cartan equation. To any solution
there is a Lagrangian Floer cohomology group, independent up to isomorphism of all
choices. In Palmer-Woodward [57], we studied the behavior of Floer cohomology
This work was partially supported by NSF grant DMS 1711070. Any opinions, findings, and
conclusions or recommendations expressed in this material are those of the author(s) and do not
necessarily reflect the views of the National Science Foundation.
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2 JOSEPH PALMER AND CHRIS WOODWARD
under variation of an immersion in the direction of the Maslov (relative first Chern)
class, such as a coupled mean-curvature/Ka¨hler-Ricci flow. The main result of [57]
was that there exists a flow on the space of projective Maurer-Cartan solutions with
the following property: The isomorphism class of the Lagrangian Floer cohomology
is invariant as long as the valuation of the Maurer-Cartan solution with respect
to the quantum parameter stays positive and the Lagrangian stays immersed. In
particular, the Floer cohomology is invariant as the immersion passes through
a self-tangency. Naturally a question arises whether one can continue the flow
through a “wall” created by the vanishing valuation at a self-intersection point.
Via the mirror symmetry conjectures, this question is expected to be related to
a question on deformation theory of vector bundles on a mirror complex manifold,
or more precisely, matrix factorizations [42]. The mirror of mean curvature flow
is expected to be (a deformed version) of Yang-Mills flow [38]. The isomorphism
class of the bundle is constant under Yang-Mills flow and in particular the coho-
mology is invariant [7]. That is, there are no real-codimension-one “walls” on the
mirror side and so one does not expect such walls in the deformation spaces for La-
grangian branes either. In fact for vector bundles on projective varieties there exist
versal deformations [30] in the sense of Kuranishi; see for example [66] for coherent
sheaves. The base of these versal deformations are complex-analytic spaces. The
results of this paper can be viewed as giving a theory of versal deformations for
immersed Lagrangians, in which solutions to the projective Maurer-Cartan equa-
tion with negative q-exponents parametrize actual deformations of an immersed
Lagrangians. As in the case of deformations of singular algebraic varieties [21,
Chapter XI], in order to produce the expected space of deformations one must
allow smoothings at the singularities.
A way of smoothing singularities of immersed self-transverse Lagrangians was
introduced by Lalonde-Sikorav [44] and Polterovich [54]. Let φ0 : L0 → X be
a self-transverse Lagrangian immersion with compact domain L0 with an odd
self-intersection point x ∈ φ0(L0). For a surgery parameter  ∈ R we denote
by φ : L → X the surgery. The surgery parameter  is closely related to the
the difference A() from (13) in areas of holomorphic disks bounding φ0(L0) and
φ(L). A long line of papers in symplectic geometry have studied the effect of
Lagrangian surgery on Floer theory. Seidel’s long exact triangle [60] is perhaps
the first example, since a Dehn twist is a special case of a surgery. More generally,
holomorphic disks with boundary on the surgery were described in Fukaya-Oh-
Ohta-Ono [32, Chapter 10]. Abouzaid [3], Mak-Wu [47], Tanaka [67], Chantraine-
Dimitroglou-Rizell-Ghiggini-Golovko [15, Chapter 8], Fang [26], and Hong-Kim-
Lau [36, Theorem B] proved various generalizations. Invariance of disk potentials
was shown for certain Lagrangian surfaces by Pascaleff–Tonkonog [53, Theorem
1.2] and Dimitroglou-Rizell–Ekholm–Tonkonog [23, Theorem 1.2]. In dimension
two, the Lagrangians related by the two different signs of surgery parameter are
said to be related by mutation. The “wall-crossing” formula for the change in
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the local system given by the above formulas is discussed in Auroux [9], [10],
Kontsevich-Soibelman [43], and Pascaleff-Tonkonog [53].
We construct a natural identification of solutions of the projective Maurer-
Cartan equations for the surgered and unsurgered Lagrangian branes that pre-
serves the disk potentials and Floer cohomology. It follows that if the quantum
valuation at a self-intersection point of a family of Maurer-Cartan solutions in a
mean curvature flow of Palmer-Woodward [57] reaches zero then the solution may
be continued by Lagrangian surgery so that the Floer cohomology of the surgery
is invariant. Thus the flow may be continued after the singular time without
changing the Floer cohomology.
Figure 1. An immersion and its surgery
The assumptions necessary for invariance of Floer cohomology to hold are en-
coded in the following definitions. Let
Λ = C((qR)) :=
{ ∞∑
i=0
aiq
di
∣∣∣∣∣ limi→∞ di =∞, ∀i, di ∈ R≥0, ai ∈ C
}
denote the Novikov field with complex coefficients,1 equipped with q-valuation
valq : Λ− {0} → R,
∞∑
i=0
aiq
di 7→ min(di, ai 6= 0).
Let Λ× denote the group of units with vanishing q-valuation
Λ× = val−1q (0) =
{
a0 +
∑
i≥1
aiq
di ∈ Λ
∣∣∣∣∣ a0 ∈ C− {0}, ai ∈ C, di > 0
}
.
Let φ0 : L0 → X be a Lagrangian immersion. A local system is a flat Λ×-line bundle
y on φ0(L0), or equivalently, a flat line bundle on L0 together with identifications
of the fibers y(x−)→ y(x+) at the self-intersection points x = (x−, x+), φ0(x−) =
φ0(x+). If φ0(L0) is connected with fundamental group pi1(φ0(L0)) for some choice
1The Fukaya algebras in this paper are defined with rational coefficients, but allowing complex
coefficients gives a possibly-larger Maurer-Cartan space.
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of base point then the space of isomorphism classes of local systems is isomorphic
to the space of representations
R(φ0) ∼= Hom(pi1(φ0(L0)),Λ×) ∼= Hom(H1(φ0(L0)),Λ×).
For disconnected Lagrangians R(φ0) is defined by replacing pi1(φ0(L0)) with the
product of the fundamental groups of the connected components of φ0(L0). Let
φ0 : L0 → X be equipped with a brane structure consisting of an orientation,
relative spin structure, and Λ×-valued local system y ∈ R(φ0). In Sections 4, 6 we
construct for any such datum a Fukaya algebra CF (φ0), which is a strictly unital
A∞ algebra. For δ > 0 small let MCδ(φ0) denote the enlarged space of projective
Maurer-Cartan solutions in (65), in which one allows slightly negative q-valuations
valq(b(x)) ∈ (−δ,∞) at the transverse self-intersection points x of φ0. Associated
to any b0 ∈ MCδ(φ0), called a weakly bounding cochain, is a Floer cohomology
group HF (φ0, b0), independent of all choices up to isomorphism. Given b0 ∈
MCδ(φ0) we denote by b0(x) ∈ Λ the coefficient of an odd self-intersection point
x = (x−, x+) ∈ L20, φ0(x−) = φ0(x+), x− 6= x+.
Given x = (x−, x+) denote by x = (x+, x−) ∈ L20 the self-intersection point with
the opposite ordering.
Definition 1.1. An odd self-intersection point x = (x−, x+) ∈ L20 is admissible for
a Maurer-Cartan solution b0 ∈MCδ(φ0) iff the q-valuation of the coefficient b0(x)
is close to zero in the sense that
valq(b0(x)) ∈ (−δ, 0)
and the q-valuation of b0(x) is sufficiently large in the sense that
valq(b0(x)b0(x)− 1) = 0
and dim(L0) ≥ 2.2
For the bounding cochains arising in our previous study of invariance of Floer
cohomology under the development of tangencies [57] in fact we have b0(x) = 0
since only one of the orderings was needed to cancel the obstruction arising from
the additional contributions to the curvature of the immersed Fukaya algebra.
The invariance holds after the following change in the weakly bounding cochain.
The surgered Lagrangian L is obtained from L0 by removing the self-intersection
points x± ∈ L0 and gluing in a handle H ∼= Sn−1×R, see Section 2. We denote by
µ ∼= Sn−1×{0} and λ ∼= pt×R the meridianal and longitudinal cells on the handle
H, oriented so that the bijection of Proposition 5.8 is orientation preserving. These
cells appear as generators of the space of Floer cochains in the cellular model.
2For the sake of discussing explicit examples, we also allow dim(L0) = 1 under the following
assumptions (which do not typically hold): b0(x) = 0, every holomorphic disk u : S → X with
boundary on φ meeting x has a branch change at every z ∈ ∂S with u(z) = x, and there are no
holomorphic disks u : S → X with exactly one corner at x.
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Definition 1.2. Let b0 ∈ MCδ(φ0) and x = (x−, x+), φ0(x−) = φ0(x+) be such
that b0(x)q
A() ∈ Λ× is a unit. Define
(1) b = b0 − b0(x)x− b0(x)x+{
ln(b0(x)q
A())µ+ ln(b0(x)b0(x)− 1)λ dim(L0) = 2
ln(b0(x)q
A())µ+ b0(x)b0(x)λ dim(L0) > 2
.
This ends the definition.
The signs in the formulas depend on choices of orientations of the longitudinal
and meridianal cells λ, µ, see Remark 5.9.
We may now state the main result. For  > 0 let
MCδ(φ0, ) ⊂MCδ(φ0)
denote the space of elements b0 with b0(x)q
A() ∈ Λ× where A() is from (13) and
such that b0 vanishes on the n and (n− 1)-cells σn,±, σn−1,± adjacent to x±. This
vanishing condition can always be achieved up to gauge equivalence by Lemma
4.5.
Theorem 1.3. Let φ0 : L0 → X be a immersed Lagrangian brane of dimension
dim(L0) at least two in a compact rational symplectic manifold X. There exists a
constant δ > 0 such that for any b0 ∈MCδ(φ0) and any admissible transverse self-
intersection point x ∈ Isi(φ) as in Definition 1.1 there exist perturbation systems
defining the Fukaya algebras CF (φ0) and CF (φ) so that the following holds: The
assignment b0 7→ b of Definition 1.2 defines a map
(2) Ψ : MCδ(φ0, )→MCδ(φ), b0 7→ b
preserving the disk potentials
W0 : MCδ(φ0)→ Λ, W : MCδ(φ)→ Λ
and lifting to isomorphisms of Floer cohomologies
HF (φ0, b0) ∼= HF (φ, b).
In other words, immersed Floer cohomology is invariant under surgery after a
suitable change in the weakly bounding cochain.
Remark 1.4. The formulas in Definition 1.2 are equivalent to slightly different
formulas that instead give the local system y ∈ R(φ) on the surgery by gluing
in a flat Λ×-bundle on the handle as follows: the parallel longitudinal transport
L from one side of the handle {−∞}× Sn−1 to the other {∞}× Sn−1 using y is
given by
(3) L = b0(x)qA() ∈ Λ×.
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In this case the formula for the weakly bounding cochain on the surgery is
(4) b = b0 − b0(x)x − b0(x)x +
{
ln(b0(x)b0(x)− 1)λ dim(L0) = 2
b0(x)b0(x)λ dim(L0) > 2
.
We discuss another case where one modify the formulas slightly using local
systems. Suppose that dim(L0) = 2, L0 is connected, and the weakly bounding
cochain b0 vanishes except on a single one-chain κ connecting x+ with x− which
has only classical boundary
(5) m1(κ) = x+ − x−.
In this case one can take b = 0 and set the parallel transport M around the
meridian of the local system y to be
(6) M = b0(x)b0(x)− 1 ∈ Λ×.
Indeed, variation of a weakly bounding cochain b by a degree one element is equiv-
alent to a variation of the local system y by a version of the divisor equation in
Section 4.4 below.
Remark 1.5. (a) In the proof of Theorem 1.3, we assume that the Fukaya al-
gebras CF (φ0) and CF (φ) have been defined using perturbation data sat-
isfying good invariance properties in Definition 4.10 and, for Lagrangian
surfaces, Definition 4.12, explained in Section 4.4. We were left feeling that
we only partially understood Definition 4.10, and future work will hopefully
clarify the situation. Note that in dimension two, one could also assume
(5) and deal only with local systems.
(b) We also take the almost complex structures are taken in an sft-style limit
in Section 6, in which the self-intersection point is isolated by a neck-
stretching. For arbitrary choices of perturbation data, the conclusion of
the Theorem holds without the explicit formula in Definition 1.2 for the
change in the weakly bounding cochains b0, b.
(c) We understand that J. Hicks has given examples of Lagrangian spheres that
have non-isomorphic surgeries depending on the sign of surgery parameter
; the result above does not contradict these examples since we require
the immersed Lagrangian φ0 : L0 → X itself to have a non-zero weakly
bounding cochain b0.
(d) Returning to the application to mean curvature flow, Theorem 1.3 sug-
gests the possibility of mean curvature flow for Lagrangians with preven-
tive surgery. Namely, similar to the set-up in the Thomas-Yau conjecture
[68] suppose one performs coupled mean curvature/Ka¨hler-Ricci flow on a
Lagrangian immersion φt with unobstructed and non-trivial Floer theory
HF (φt). The results of this paper and Palmer-Woodward [57] imply that
the non-triviality of the Floer homology HF (φt) carries along with the flow
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φt, if a surgery before the time at which the geometric singularity forms is
performed whenever the q-valuation valq(bt) of the Maurer-Cartan solution
bt crosses zero. This type of surgery is preventive rather than emergency in
the sense that the Lagrangian immersion φt is not about to cease to exist.
Non-triviality of the Floer cohomology affects the types of singularities that
can occur as discussed by Joyce [40]. One naturally wonders what kind of
singularities can occur generically (meaning allowing arbitrary Hamiltonian
perturbations) in the non-trivial-Floer case.
(e) Since there is no development yet of Fukaya categories in the cellular
model, our results are limited to the Fukaya algebra case. However in
any reasonable definition of immersed cellular Fukaya category the results
above would extend to show a quasiisomorphism Hom((φ0, b0), (φ
′, b′)) →
Hom((φ, b), (φ
′, b′)) for any immersed Lagrangian brane (φ′, b′) in X. This
would yield a quasiisomorphism from (φ0, b0) to (φ, b) by the Yoneda
lemma, see Seidel [59, Section 1l]. Such a quasiisomorphism would imply
invariance of the quasiisomorphism class of a brane under mean curvature
flow, including surgery. This would be the mirror statement to invariance
of the isomorphism class of the bundle under (deformed) Yang-Mills heat
flow.
We thank Denis Auroux, John Man-Shun Ma, Dmitry Tonkonog, Sushmita Venu-
gopalan and Guangbo Xu for helpful discussions.
2. Lagrangian surgery
Lagrangian surgery was introduced by Lalonde-Sikorav [44] in dimension two
and Polterovich [54] for arbitrary dimension. Surgery smooths a self-intersection
point by removing small balls around the preimages of the self-intersection point
and gluing in a handle.
2.1. The local models.
Definition 2.1. (a) (Lagrangian handle) Let φ0 : L0 → X be a self-transverse
Lagrangian immersion with compact, connected domain L0. Let
x = φ0(x+) = φ0(x−), x+ 6= x− ∈ L0
be an intersection point. The local model for transverse Lagrangian self-
intersections (see for example Pozniak [55, Section 3.4] for the more general
case of clean intersection) implies that there exist Darboux coordinates in
an open ball U ⊂ X of x
q1, . . . , qn, p1, . . . , pn ∈ C∞(U)
such that the two branches of φ0 meeting at x are defined by
(7) L− = {p1 = . . . = pn = 0}, L+ = {q1 = . . . = qn = 0}.
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Let Cn ∼= R2n be equipped with Darboux coordinates
z = (z1, . . . , zn), zk = qk + ipk, k = 1, . . . , n.
For a real number  with || small define a Lagrangian submanifold H of
Cn, the handle of the surgery, by
(8) H =
{
(q1 + ip1, . . . , qn + ipn) ∈ Cn
∣∣∣∣ q 6= 0, ∀k, pk = qk|q|2
}
.
Identify Cn = T∨Rn in the standard way and let ω0 ∈ Ω2(Cn) denote the
standard symplectic form
ω0 =
n∑
k=1
dqk ∧ dpk.
Define
f : Rn → R, q 7→  ln(|q|).
The Lagrangian H is the graph of the closed one-form df:
(9) H = graph(df) ⊂ R2n.
Also note that H ⊂ Cn of (9) is invariant under the anti-symplectic invo-
lution
ι : Cn → Cn, (p, q) 7→ (q, p).
(b) (Flattened handle) Define a Lagrangian submanifold Hˇ ⊂ Cn equal toH in
a compact neighborhood of 0 and equal to Rn∪iRn outside a larger compact
neighborhood of 0 as follows. Following Fukaya-Oh-Ohta-Ono [32, Chapter
10], let ζ > 0,  ∈ R be constants. The constant  is the surgery parameter
describing the “size” of the Lagrangian surgery, while the parameter ζ is a
cutoff parameter describing the size of the ball on whose complement the
surgery φ agrees with the unsurgered immersion φ0. These constants will
be chosen later that ζ is large and ζ||1/2 is small. Following Fukaya et al
[32, 54.5,Chapter 10] consider a function
(10) ρ ∈ C∞(R), ρ(r) =
{
ln(r)− || r ≤ ||1/2ζ
ln(||1/2ζ) r ≥ 2||1/2ζ
that satisfies ρ′ ≥ 0, ρ′′ ≤ 0. Define
(11) fˇ : Rn → R, q 7→ ρ(|q|).
The graph
Hˇ = graph(dfˇ) ⊂ T∨Rn ∼= R2n
is the union of Lagrangian subspaces Rn ∪ iRn outside a ball, and agrees
with H inside a punctured ball of radius ||1/2ζ.
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A()
H Hˇ
H0
Figure 2. The local models
(c) (Lagrangian surgery) Let U ⊂ X be a Darboux chart near x so that the
self-intersection of φ at x has the form (7). Let V ⊂ U be a slightly smaller
chart with V ⊂ U . Let
(12) Hˇ = graph(dfˇ) ∪ ι graph(dfˇ)
and let φˆ denote its inclusion in U ⊂ X. So Hˇ is the Lagrangian obtained
by patching together graph(dfˇ) with its reflection ι(graph(dfˇ)). The La-
grangian surgery of φ0 : L0 → X is the immersion defined by replacing a
neighborhood U ∩ L0 of the self-intersection points x−, x+ ∈ L0 with an
open subset U ∩ Hˇ of the local model Hˇ:
• With Hˇ as in (12) define the surgered manifold
L = ((L0 − V ) ∪ (U ∩ Hˇ))/ ∼
where∼ is the obvious identification ofH0 with Hˇ on the complement
of V , for , ζ as above.
• Define the surgered immersion
φ : L → X, φ = φ0|L0−V ∪ φˇ|L∩U
by patching together the immersions φˇ of Hˇ ∩ U → X and φ0 on
L − V ∼= L0 − V → X.
(d) (Area of the surgery) Let
(13) A() =
∫
S
v∗ω
be the area of a small holomorphic triangle v : S → X with boundary in
φ0(L0) ∪ φ(L), see Figure 2 and Equation (88) below. Equivalently, by
Stokes’ theorem, A() is the difference of actions
A() =
∫
R
γ∗0α− γ∗α
between paths γ0, γ from ∞ in Rn to ∞ in iRn along H0 and Hˇ in the
local model; see the proof Lemma 5.7. This ends the definition.
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Given an immersion with a number of transverse self-intersections we may surger
at any of the self-intersections, independent of the choice of order.
2.2. Surgery and vanishing cycles. The local model for the surgery is obtained
by parallel transport of the vanishing cycle of the standard Lefschetz fibration along
a line parallel to the real axis, as explained in Seidel [62, Section 2e].
Definition 2.2. (Handle Lagrangian, alternative definition) The standard Lef-
schetz fibration is the map
(14) pi : Cn → C, (z1, . . . , zn) 7→ z21 + . . .+ z2n.
Equip Cn with the standard symplectic form ω ∈ Ω2(Cn). The space Cn−{0} has
a natural connection given by a horizontal sub-bundle
T hz ⊂ Tz(Cn − {0}), T hz = (KerDzpi)ω
equal to union of symplectic perpendiculars of the fibers pi−1(z). Any path γ :
[0, 1]→ C− {0} defines symplectic parallel transport maps
Tγ : pi
−1(γ(0))→ pi−1(γ(1))
by taking the endpoint of a horizontal lift of γ with any given initial condition. Let
γ : [0, 1]→ C be a path with endpoint γ(0) = 0 at the critical point of the Lefschetz
fibration. Each fiber of pi over γ([0, 1]) has a vanishing cycle Cz ⊂ pi−1(z) defined
as the set of elements of pi−1(z) that limit to the origin 0 ∈ Cn under symplectic
parallel transport along a segment from z to 0. If Sn−1 ⊂ Rn ⊂ Cn is the unit
sphere we explicitly have
Cz :=
√
zSn−1, z ∈ C.
The handle Lagrangian H is the union of vanishing cycles over the line Im(z) = :
H :=
⋃
Im(z)=
Cz.
Note that the vanishing cycles are asymptotic to Sn−1 and iSn−1 respectively. As
a graph of a closed one-form the resulting Lagrangian has the form
H = graph(df), f ∈ C∞(Rn), f(q) =  ln(|q|)
as in (8). This ends the Definition.
Remark 2.3. (Zero-area surgeries) More generally as pointed out by Seidel [62,
Section 2e], one may define surgery by allowing more general paths in the base of
the Lefschetz fibration. By bending the path somewhat below the real axis one
can achieve a zero-area surgery for which the disks have the same area as for the
original. However, we will only use the straight paths for the classification of disks
in Section 5.
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2.3. Properties of the surgery. In this section we collect some basic properties
of the surgery, most of which will be used later. See [54], [60], and [32, Chapter
10] for more details.
Proposition 2.4. Let φ0 : L0 → X be an immersed Lagrangian with transverse
ordered self-intersection point (x−, x+) ∈ L20.
(a) (Surgery as a handle attachment) The manifold L is obtained by attaching
a 0-handle to L0.
(b) (Skew-symmetry) The surgery φ obtained from x with parameter − is
equal to the surgery obtained from the conjugate x with parameter .
(c) (Orientation) If L0 is oriented and  > 0 then there exists an orientation
on L that agrees with that on L0 in a complement of the handle Hˇ if and
only if the self-intersection x ∈ L20 is odd.
(d) (Relative spin structure) Any relative spin structure on φ0 : L0 → X and
a pair of trivializations of the spin bundles Spin(TL0)x−
∼= Spin(2n) ∼=
Spin(TL0)x+ at the self-intersection points x± ∈ L0 defines a relative spin
structure on the surgery φ : L → X.
(e) (Independence of choices) The exact isotopy class of the surgery φ is inde-
pendent of all choices, up to a change in surgery parameter .
Proof. Item (a) follows from a diffeomorphism H ∼= Sn−1×R induced by symplec-
tic parallel transport along the path R + i ⊂ C. Thus L is diffeomorphic to the
manifold obtained by replacing open balls U± around the preimages x−, x+ ∈ L0
of the self-intersection point φ0(x−) = φ0(x+) by a neighborhood of Sn−1 × {0}
in Sn−1 × R ∼= Hˇ. Since Hˇ is diffeomorphic to H we also have Hˇ ∼= R × Sn−1.
Item (b) is immediate from the definition. Item (c) follows from the fact that
the gluing maps on the ends of the handle are homotopic to (t, v) 7→ etv resp.
(t, v) 7→ ie−tv and so are orientation preserving exactly if the intersection is odd3.
For item (d), suppose a relative spin structure is given as a relative Cˇech cocycle
as in [71]. Such a cocycle consists of charts Uα, α ∈ A for X indexed by some set
A, corresponding charts ULα ⊂ φ−1(Uα) for L0, and transition functions defined as
follows. For α, β ∈ A let ULαβ = ULα ∩ULβ denote the intersections of the charts for
L and gαβ : U
L
αβ → SO(n) transition maps for the tangent bundle TL. A relative
3Recall that the self-intersection is odd if in the local model the first branch of L0 in a
neighborhood of x− resp. x+ in L0 is identified with Rn with the standard orientation induced
by the volume form dq1 ∧ . . . ∧ dqn resp. iRn with the opposite orientation −dp1 ∧ . . . ∧ dpn.
Reversing the sign of  changes the order of the branches, and so changes the parity of the
self-intersection iff dim(L0) is odd. Thus in the case that dim(L0) is odd, there is always some
choice of sign  for which the oriented surgery exists regardless of the parity of x = (x−, x+).
On the other hand, if dim(L0) is even then either both surgeries exist as oriented surgeries or
neither. The existence of orientations on the surgery is related to the fact that the monodromy
of a Lefschetz fibration is orientation preserving exactly in odd dimensions.
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spin structure is a collection of lifts g˜αβ and signs oαβγ given by maps
g˜αβ : U
L
αβ → Spin(n), oαβγ : Uα ∩ Uβ ∩ Uγ → {±1}
such that the following relative cocycle condition holds:
gαβg
−1
αγ gβγ = φ
∗oαβγ.
To obtain the relative spin structure on the surgery L we take the cover on the
surgery with a single additional open set on the handle U0 := H with no triple
intersections. The relative spin structure is defined by transition maps g0α = g0β =
Id .
A more precise reformulation of item (e) is the following: Let U0, U1 ⊂ X and
Hˇ0 , Hˇ
1
 ⊂ Cn be two sets of such choices and φ11 , φ22 the corresponding families
of surgeries for parameters 1, 2. For any 1 with |1| small there exists 2 so
that φ11 is an exact deformation of φ
2
2
. In particular if both φ11 and φ
2
2
are
embeddings then φ22(L2) is Hamiltonian isotopic to φ
1
1
(L1). To prove this recall
that any Lagrangian φ′ : L → X nearby a given one is a graph of a one form
φ′ = graph(α) for some α ∈ Ω1(L) and local model T∨L ⊃ U → X. An
exact deformation is one generated by exact one-forms, see Weinstein [72]. Exact
deformations are equivalent to deformation by Hamiltonian diffeomorphisms in
the embedded case, but not in general. Any two Darboux charts are isotopic after
shrinking, by Moser’s argument. The approximations Hˇ are also independent
up to isotopy of the choice of cutoff function. It follows that any two choices of
surgery are isotopic through Lagrangian immersions φt : L → X. In particular
the infinitesimal deformation d
dt
φt is given by a closed one-form α
t
 ∈ Ω1(L).
We distinguish the following two cases in item (e). If the surgery connects
different components of the Lagrangian L0 then the homology H>0(L) is iso-
morphic to H>0(L0). If the surgery connects the same component of the La-
grangian, by Mayer-Vietoris, then H>0(L) has at most two additional generators.
The integral of αt on the additional generator corresponding to the meridian (if
non-trivial) is by Stokes’ theorem the evaluation of the relative symplectic class
[ω] ∈ H2(Cn, H) on the generator in H2(Cn, H). Such a generator is given by a
disk u : S → X,S = {|z| ≤ 1} with boundary u(∂S) on the meridian Sn−1×{0} of
the handle. The disk u may be deformed to a disk u0 : S → X taking values in Rn,
and so has vanishing area A(u) = A(u0) = 0. The action
∫
R γ
∗
α along a longitude
γ : R → Hˇ has non-zero derivative with respect to the surgery parameter . It
follows that for any such φt, t ∈ [0, 1] there exists a family (t), (0) =  such that
the deformation is given by an exact form. Compare Sheridan-Smith [65, Section
2.6]. 
Remark 2.5. (Gradings) Recall from Seidel [62] that absolute gradings on Floer
cohomology groups are provided by gradings. By definition, an N -grading of
a Lagrangian L is a lift of the natural map from L to the bundle of Lagrangian
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subspaces Lag(TX) to an N -fold Maslov cover LagN(TX). If L is graded by a map
φ˜0 : L0 → LagN(X) and the self-intersection point has degree 1 then φ : L → X
is graded [62, Section 2e].
3. Treed holomorphic disks
In the cellular model of Fukaya algebras the diagonal matching at the boundary
nodes of the pseudoholomorphic disks is replaced by a matching condition given
by a cellular approximation of the diagonal, with parameter depending on the
length of the edge. The result is a strictly unital A∞ algebra, to be defined in the
following section, see Theorem 4.1. In this section we construct the moduli spaces
of treed holomorphic disks and their regularizations.
3.1. Treed disks. The domains of the pseudoholomorphic maps in the cellular
Fukaya algebra are stable disks. Here a disk means a 2-manifold-with-boundary
S equipped with a complex structure so that the surface S is biholomorphic to
the closed unit disk {z ∈ C | |z| ≤ 1}. A sphere will mean a complex one-manifold
S biholomorphic to the complex projective line P1 = {[ζ0 : ζ1] | ζ0, ζ1 ∈ C}. A
nodal disk S is a union
S =
(
n⋃
i=1
S ,i
)
∪
(
n⋃
i=1
S ,i
)/
∼
of a finite number of disks S ,i, i = 1, . . . , n and spheres S ,i, i = 1, . . . , n identified
at pairs of distinct points called nodes w1, . . . , wm. Each node we = (w
−
e , w
+
e ) ∈
Si−(e) × Si+(e) is a pair of distinct points where Si±(e) are the (disk or sphere)
components adjacent to the node; the resulting topological space S is required
to be simply-connected. The complex structures on the disks S ,i and spheres
S ,i induce a complex structure on the tangent bundle TS (which is a vector
bundle except at the nodal points) denoted j : TS → TS. A boundary resp.
interior marking of a nodal disk S is an ordered collection of non-nodal points
z = (z0, . . . , zd) ∈ ∂Sd+1 resp. z′ = (z′1, . . . , z′c) ∈ int(S)c on the boundary resp.
interior, whose ordering is compatible with the orientation on the boundary ∂S.
The combinatorial type Γ(S) is the graph whose vertices, edges, and head and tail
maps
(Vert(Γ(S)),Edge(Γ(S))), (h× t) : Edge(Γ(S))→ Vert(Γ(S)) ∪ {∞}
are obtained by setting Vert(Γ(S)) to be the set of disk and sphere components
and Edge(Γ(S)) the set of nodes (each connected to the vertices corresponding
to the disks or spheres they connect). The graph Γ(S) is required to be a tree,
which means that Γ is connected with no cycles among the combinatorially finite
edges. An edge e is combinatorially finite if h(e), t(e) 6= ∞. The set of edges
Edge(Γ(S)) is equipped with a partition into subsets Edge (Γ(S)) ∪ Edge (Γ(S))
corresponding to interior resp. boundary edges respectively. The set of boundary
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edges (h−1(v) ∪ t−1(v)) ∩ Edge (Γ(S)) meeting some vertex v ∈ Vert(Γ(S)) is
equipped with a cyclic ordering giving Γ(S) the partial structure of a ribbon graph.
Define
Edge→(Γ(S)) := h
−1(∞) ∪ t−1(∞)
Edge ,→(Γ(S)) := Edge (Γ(S)) ∩ Edge→(Γ(S))
Edge ,→(Γ(S)) := Edge (Γ(S)) ∩ Edge→(Γ(S))
The sets Edge ,→(Γ(S)), Edge ,→(Γ(S)) of boundary and interior semi-infinite
edges is each equipped with an ordering; these orderings will be omitted from
the notation to save space. A marked disk (S, z, z′) is stable if it admits no non-
trivial automorphisms ϕ : S → S preserving the markings. The moduli space
of stable disks with fixed number d ≥ 0 of boundary markings and no interior
markings admits a natural structure of a cell complex which identifies the moduli
space with Stasheff’s associahedron.
Treed disks are defined by replacing nodes with broken segments as in the pearly
trajectories of Biran-Cornea [11] and Seidel [64], but adapted to the cellular case.
A segment will mean an closed one-manifold with boundary, that is, a compact
topological interval. A treed disk is a topological space C obtained from a nodal
disk S by replacing each boundary node or boundary marking corresponding to
an edge e ∈ Γ(S) with a connected one-manifold Te equipped with a length `(e) ∈
R≥0 ∪ {∞}. A treed disks C may be written as a union C = S ∪ T where the
one-dimensional part T is joined to the two-dimensional part S at a finite set of
points on the boundary of S, called the nodes w ∈ C of the treed disk (as they
correspond to the nodes in the underlying nodal disk.) The semi-infinite edges e in
the one-dimensional part T are oriented by requiring that root edge e0 is outgoing
while the remaining semi-infinite edges e1, . . . , ed are incoming; the outgoing semi-
infinite edge e0 is referred to as the root while the other semi-infinite edges e1, . . . , ed
are leaves. The combinatorial type Γ(C) = (Vert(Γ(C)),Edge(Γ(C))) of a treed
disk C is defined similarly to that for disks with the following addition: The set
of edges Edge(C) is equipped with a partition
Edge(Γ(C)) = Edge0(Γ(C)) ∪ Edge(0,∞)(Γ(C)) ∪ Edge∞(Γ(C))
indicating whether the length is zero, finite and non-zero, or infinite. A treed disk
C = S∪T is stable if the underlying disk S/ ∼ obtained by collapsing edges e ⊂ T
to points is stable, and each edge e ⊂ T has at most one breaking. An example
of a treed disk with one broken edge (indicated by a small hash through the edge)
is shown in Figure 3. In the Figure, the interior semi-infinite edges e ∈ Edge (Γ)
are not shown and only their attaching points we ∈ S ∩ T are depicted so as not
to clutter the figure.
The stability condition gives a compact, Hausdorff moduli space of treed disks
with a universal curve. For a given combinatorial type Γ denote by MΓ the
moduli space of treed disks of combinatorial type Γ and Md = ∪ΓMΓ the union
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Figure 3. A treed disk with d = 2 incoming boundary edges
over combinatorial types Γ with d incoming semi-infinite edges. The moduli space
Md is compact with a universal curve Ud given as the space of isomorphism classes
of pairs [C, z] where C is a holomorphic treed disk and z ∈ C is any point, either
in S or T . Depending on which is the case one has a splitting
(15) Ud = Sd ∪ T d
of the universal treed disk into one-dimensional and two-dimensional parts T d resp.
Sd where the fibers of T d →Md resp. Sd →Md are one resp. two-dimensional.
Denote by SΓ, T Γ the parts of the universal treed disk living over MΓ. If UΓ′ is
contained in UΓ we write Γ′  Γ.
3.2. Cell decompositions. A cell complex is a topological space built from in-
ductively attaching topological balls by some attaching maps of their boundaries.
In particular a finite cell complex of dimension d is a space Ld obtained from a
finite cell complex Ld−1 of dimension d − 1 by attaching a collection of d-cells
Bi = {v ∈ Rd, ‖v‖ ≤ 1} via attaching maps ∂i : ∂Bi → Ld−1, with the topol-
ogy induced from the quotient relation given by the attaching maps. A cellular
decomposition of an n-manifold L is a finite cell complex given by maps
∂σi : S
d(i)−1 → Ld(i)−1, i = 1, . . . , k
from Sd(i) = ∂Bd(i) to Ld(i)−1 together with a homeomorphism of Ln with L. The
induced maps from the cells Bd(i) into L are denoted σi : B
d(i) → L. The manifold
L is the union of the images of the cells σi(B
d(i)) and for each d each point x ∈ L
is in the image of the interior of at most one of the d-cells σi(intB
d(i)). For d ≥ 0
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the d-skeleton of a cellular structure on L consists of images of balls
Ld =
⋃
d(i)≤d
σi(B
d(i)) ⊂ L.
of dimension d(i) ≤ d. Our cell decompositions will be cell decompositions in
the smooth sense. Thus the interiors σi| int(Bd(i)) are diffeomorphisms onto their
images in L. The following may be found in, for example, Hatcher [35, Section
2.2, Section 3.1, Section 4.1, Appendix A].
The cellular chain complex is derived from the long exact sequence for pairs
of skeleta. Let Hi(Ld, Ld−1) denote the relative singular homology groups of the
skeleta Ld relative the lower-dimensional skeleta Ld−1. By excision
Hd(Ld, Ld−1) ∼=
⊕
d(i)=d
Hd(B
i, ∂Bi) ∼= Z#{i |d(i) =d},∀d = 0, . . . , n.
A cellular chain of dimension d is formal combination of the cells of dimension d, or
equivalently an element of Hd(Ld, Ld−1). The space of cellular chains of dimension
d is
Cd(L) = Hd(Ld, Ld−1).
The cellular boundary operator ∂d : Cd(L) → Cd−1(L) is the map given by taking
the boundaries of the cells, given by the connecting morphism in the long exact
sequence
H•(Ld−1, Ld−2) H•(Ld, Ld−2) H•(Ld, Ld−1)
H•−1(Ld−1, Ld−2) . . .
- -
9
∂
-
.
For cells σ, τ of L denote
(16) ∂(σ, τ) ∈ Z, ∂σ =
∑
τ∈Ic(φ)
∂(σ, τ)τ
the coefficient of τ in ∂σ. The boundary operator in (16) has a simple description
in the Morse case. Recall that a Morse-Smale pair on L is a pair (f, g) consisting
of a Morse function f : L→ R and Riemannian metric g : TL×L TL→ R so that
the stable and unstable manifolds of (f, g) meet transversally. Any Morse-Smale
pair on L gives rise (somewhat non-canonically) to a cellular decomposition whose
cellular chain complex is equal to the Morse chain complex of L [5, Theorem 4.9.3].
The images of the interiors of the cells σ are the stable manifolds of the critical
points of f . In this description, the coefficient ∂(σ, τ) is the number of isolated
Morse trajectories γ : R → L connecting the unique critical points x(σ), x(τ) ∈
crit(f) contained in σ, τ , counted with sign.
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Cellular homology is functorial for cellular maps. A smooth map ψ : L → N
between manifolds L,N equipped with cell decompositions is cellular if
ψ(Ld) ⊆ Nd, ∀d = 0, . . . , dim(L).
Any cellular map ψ : L→ N induces a chain homomorphism ψ∗ : C•(L)→ C•(N)
independent of the cellular homotopy type of ψ. On the other hand, by the
smooth cellular approximation theorem any map is homotopic to a cellular map,
and any two homotopic cellular maps are cellularly homotopic. Let L1, L2 be
smooth manifolds and ψ : L1 → L2 a smooth map. A cellular approximation of
ψ may be chosen inductively, starting with a map on the 0-skeleton ψ0 : L1,0 →
L2,0. Cellular approximations of maps naturally induce cellular approximations
for their products: Let L′1, L
′
2, L
′′
1, L
′′
2 be smooth manifolds and ψ
′ : L′1 → L′2 and
ψ′′ : L′′1 → L′′2 be smooth maps. Any cellular approximations for ψ′, ψ′′ induce a
cellular approximation for ψ′ × ψ′′.
Our construction will depend in particular on the choice of cellular approxima-
tion of the diagonal. Choose a possibly different second cellular decomposition
σi : Bd
′(i) → L inducing skeleta Ld with cellular boundary operator
∂∨ :
n⊕
d=0
Hd(L
d, Ld−1)→
n⊕
d=0
Hd−1(Ld−1, Ld−2).
Denote the cellular structure on the diagonal obtained by taking products by
σi × σj : Bd(i) ×Bd′(j) → L× L, ∀i ∈ Ic(φ), j ∈ Ic,∨(φ).
The product L× L has d-skeleton the union of skeleta Li, Lj of the factors whose
dimension sum to the product:
(L× L)d =
⋃
i+j≤d
(Li × Lj), ∀d = 0, . . . , 2n.
Choose a cellular approximation of the diagonal given by a homotopy
δt : L→ L× L, t ∈ [0, 1]
where δ0(`) = (`, `) and δ1 : L→ L× L is a cellular map. Thus δ1 satisfies
δ1(Lk) ⊂ (L× L)k, ∀k = 0, . . . , dim(L).
The homology class of the diagonal has expansion in the cellular decomposition
(17) [δ1(L)] ∼
∑
i,j
c(σi, τj)[σi × τj] ∈ Hn((L× L)n, (L× L)n−1)
for coefficients c(σi, τj) and n = dim(L). Since δ1 : L→ L×L gives rise to a cycle
in the cellular chain complex we have
(18) (∂ ⊗ 1 + 1⊗ ∂∨)[δ1] = 0.
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In terms of matrix coefficients (18) translates to the conditions
(19)
∑
β
∂(α, β)c(β, γ) = −
∑
β
c(α, β)∂∨(β, γ).
A cell complex {σ} is dual to a given cell complex {τ} if for each cell σ there is a
unique dual cell τ of complementary dimension meeting σ transversally once, see
Seifert-Threlfall [61]. Any smooth manifold admits a cell structure admitting a
dual. In particular, for dual complexes the matrix c(α, β) is the identity matrix
for a suitable indexing of the cells I(φ), I∨(φ). However, later it will be convenient
to take a cell decomposition that does not have necessarily have a dual. Cellular
cochains are defined by
C•(L) =
dim(L)⊕
d=0
, Cd(L) = Hd(Ld, Ld−1).
A product on cellular cochains is obtained by a cellular approximation of the
diagonal:
δ∗1 : C
k(L)⊗ C l(L)→ Ck+l(L), k, l = 1, . . . , n.
Existence of a homotopy between (1 × δ1) ◦ δ1 and (δ1 × 1) ◦ δ1 implies that the
induced product in cohomology H(δ∗1) : H(L)⊗H(L)→ H(L) is associative.
3.3. Treed holomorphic disks. Treed holomorphic disks for immersed Lagrangians
are defined as in the embedded case, but requiring a double cover of the tree parts
to obtain the boundary lift. To define holomorphic treed disks, choose an almost
complex structure and cellular structure as follows.
(a) Let J : TX → TX be an almost complex structure taming the symplectic
form ω ∈ Ω2(X); such a J is unique up to isotopy. Later, for the purposes
of constructing Donaldson hypersurfaces we assume that J is compatible
with ω in the sense that ω(·, J ·) is a Riemannian metric.
(b) Choose a pair of cell decompositions
σi : B
d(i) → L, i ∈ Ic(φ) σj : Bd(j) → L, j ∈ Ic,∨(φ)
with index sets Ic(φ), Ic,∨(φ), where Bd is the closed unit ball of dimension
d. The product L× L inherits the product cellular decomposition
(20) σi × σj : Bd(i)+d(j) ∼= Bd(i) × Bd(j) → L × L, (i, j) ∈ Ic(φ) × Ic,∨(φ).
Choose a cellular approximation to the diagonal δt. Given cells α, β in
the first resp. second cellular decomposition I(φ) resp. I∨(φ) let c(α, β)
denote the coefficient of [α] × [β] in δ1 as in (17). We extend c(·, ·) to
I(φ)2 by defining c(σ, x) = σ(x, σ) = 0 for σ ∈ Ic(φ), x ∈ Isi(φ) and
c(x, x) = c(x, x) = 1 for all x ∈ Isi(φ). For the purposes of surgery it will
be convenient to allow several top-dimensional cells.
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A holomorphic treed disk consists of a map from the surface part of a treed disk,
together with a lift of the boundary to a map to the Lagrangian. Given a treed
disk C = S ∪ T we denote by
(21) ∂S◦ = (∂S − ((∂S) ∩ T )) ∪ {w+, w− | w ∈ (∂S) ∩ T}
the compact one-manifold obtained by replacing each node w of ∂S ∩ T with a
pair of points w±. Each component of the boundary (∂S)i ⊂ ∂S − T has closure
in ∂S◦ that is homeomorphic to a closed interval. Let
ι : ∂S◦ → S
denote the canonical map that is generically 1 − 1 except for the fibers over the
intersection points S ∩ T which are 2− 1.
Definition 3.1. A holomorphic treed disk with boundary in φ : L → X consists
of a treed disk C = S ∪ T and a pair of continuous maps
u : S → X, ∂u : ∂S◦ → L
such that
(a) the map u is pseudoholomorphic and ∂u related to u by projection and
restriction:
Jd(u|S) = d(u|S)j(22)
u ◦ ι = φ ◦ ∂u(23)
(b) at each pair of nodes w−, w+ ∈ ∂S joined by an edge e ⊂ T either
(i) ∂u has a branch change at both w−, w+, in which case u(w0,±) =
u(w1,∓),
(ii) or ∂u has no branch change at w− or w+ in which case the matching
condition
(24) (u(w−), u(w+)) ∈ δ˜`(e)(L)
is required where
˜`(e) =
`(e)
`(e) + 1
and `(e) is the length of e.
The combinatorial data of a treed holomorphic disk is packaged into a labelled
graph called the combinatorial type: for a holomorphic treed disk u : S → X the
type is the combinatorial type Γ of the underlying treed disk C together with
• the labelling of vertices v ∈ Vert(Γ) corresponding to sphere and disk
components Sv, v ∈ Vert(Γ) by the (relative) homology classes u∗[Sv] ∈
H2(X) ∪H2(X,φ(L)), and
• the labelling t(e) ∈ {1, 2} of edges e by their branch type (whether they
represent a branch change of the map ∂u : ∂S◦ → φ(L) or not).
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A compactified moduli space for any type is obtained after imposing a stability
condition. A holomorphic treed disk C = S ∪ T, u : S → X is stable it has no
automorphisms, or equivalently
(a) each disk component Sv, ⊂ S on which the map u is constant (that is, a
ghost disk bubble) has at least one interior node we ∈ int(Sv, ) or has at
least three boundary nodes we ∈ ∂Sv, ;
(b) each sphere component Sv, ⊂ S on which the map u is constant (that is, a
ghost sphere bubble) has at least three nodes we ∈ ∂Sv, ;
The energy of a treed disk is the sum of the energies of the surface components,
E(u) =
∫
S
1
2
|du|2d VolS
and for holomorphic treed disks is equal to the symplectic area
A(u) =
∫
S
u∗ω.
For any combinatorial type Γ denote by MΓ(φ) the moduli space of finite energy
stable treed holomorphic disks bounding φ of type Γ. Denote
Md(φ) =
⋃
Γ
MΓ(φ)
the union over combinatorial types with d incoming edges.
In a neighborhood of any holomorphic treed disk with stable domain the stratum
of the moduli space containing the disk is cut out by a Fredholm map of Banach
spaces as follows. Let u : S → X be a map of type Γ. Let
S◦ = S − {w ∈ S ∩ e, t(e) = 2}
denote the complement of the points w ∈ S∩T representing branch changes of the
map ∂u : ∂S◦ → L. For a Sobolev exponent p ≥ 2 and Sobolev differentiability
constant k ≥ 1 such that kp ≥ 3 let Mapk,p(S◦, X) denote the space of continuous
maps u : S◦ → X of the form u = expu0(ξ) where u0 is constant in a neighborhood
of infinity along the strip-like ends and ξ ∈ Ω0(S◦, TX)k,p has finite W k,p norm.
For each edge e ⊂ T let w±(e) ∈ ∂S be the endpoints of the edge. Define
(25) BΓ =
{
(C, u, ∂u) ∈ (MΓ(φ)×Mapk,p(S◦, X)×Mapk,p(∂S◦, L)) so
u ◦ ι = φ ◦ ∂u, ∀e ⊂ T, u(w+(e), w−(e)) ∈ δl(e)(L)
}
.
The fiber of the bundle EΓ over some map u is the vector space
EΓ,u := Ω0,1(S◦, u∗TX)k−1,p.
Local charts are provided by almost complex parallel transport
(26) T ξu : Ω0,1(S◦, expu(ξ)∗TX)k−1,p → Ω0,1(S◦, u∗TX)k−1,p
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along expu(sξ) for s ∈ [0, 1]. In any local trivialization of the universal curve one
can obtain Banach bundles with arbitrarily high regularity. Let
U iΓ →MiΓ × S
be a collection of local trivializations of the universal curve. Let BiΓ denote the
inverse image of MiΓ in BΓ and E iΓ its preimage in of EΓ. For integers k, p deter-
mining the Sobolev class W k,p the Fredholm map cutting out the moduli space
over MiΓ is
(27) F iΓ : BiΓ → E iΓ, (m,u, ∂u) 7→ ∂J,Hu.
The linearization of the map (27) cutting out the moduli space is a combination of
the standard linearization of the Cauchy-Riemann operator with additional terms
arising from the variation of conformal structure. With k, p integers determining
the Sobolev class as above let
Du : Ω
0(S◦, u∗TX, (∂u)∗TL)k,p → Ω0,1(S◦, u∗TX)k−1,p
ξ 7→ ∇0,1H ξ −
1
2
(∇ξJ)J∂Ju
(28)
denote the linearization of the Cauchy-Riemann operator, c.f. McDuff-Salamon
[46, p. 258]; here ∂u = 1
2
(dHu−JdHuj) and dHu = du−H◦u for some Hamiltonian
Hamiltonian-vector-field-valued one-form H. Denote by D˜u the operator given by
combining the linearization of the Cauchy-Riemann operator and the variation of
conformal structure on the domain:
D˜u : T[C]MΓ ⊕ Ω0(S◦, u∗TX)k,p → Ω0,1(S◦, u∗TX)k−1,p(29)
(ζ, ξ) 7→ ( Duξ − 12JdHuζ ) .
A holomorphic treed disk u : S → X with stable domain C is regular if the
linearized operator D˜u is surjective, and rigid if u is regular and D˜u is an isomor-
phism, or more generally, if C is unstable, if D˜u is surjective and the kernel of
D˜u is generated by the infinitesimal automorphism aut(S) of S. In the case of
no disks in the configuration C (so a single edge) let MΓ(σ−, σ+) be the oriented
fiber σ−1− (p) for generic p in the image Im(σ+) ⊆ L. The moduli spaceMΓ(σ−, σ+)
is independent of p up to cobordism. Indeed, any generic path γ from points p
to p′ in Im(σ+) the inverse image σ−1− (γ) ⊂ L is a one-manifold with boundary
σ−1− (p)∪σ−1− (p′). This set would be the set of rigid Morse trajectories in the Morse
model of the Fukaya algebra.
The moduli space of holomorphic treed disks admits a natural version of the
Gromov topology which allows bubbling off spheres, disks, and cellular boundaries.
Consider
uν : Sν → X, ∂uν : ∂S◦ν → L
of treed holomorphic disks with boundary in φ with bounded energy E(uν) > 0.
Gromov compactness with Lagrangian boundary conditions as in, for example,
22 JOSEPH PALMER AND CHRIS WOODWARD
Frauenfelder-Zemisch [31] implies that there exists a subsequence with a stable
limits (u : S → X) := lim(uν : Sν → X). Standard arguments using local distance
functions then show that for any fixed energy bound E > 0, the subset
(30) M<Ed (φ) =
{
u ∈Md(φ)
∣∣ E(u) < E }
satisfying the given energy bound is compact.
The moduli space further decomposes according to the limits at infinity and the
expected dimension. Given
σ = (σ0, . . . , σd) ∈ I(φ)
denote by
M(φ, σ) =
{
[u : S → X] ∈Md(φ)
∣∣∣∣ u(we) ⊂ σe(Bd(e)) ∀σe ∈ Ic(φ)u(we) ∈ σe ∀σe ∈ Isi(φ)
}
the locus of maps such that for each semi-infinite edges e labelled by the generators
σe, where {we} = S ∩ Te. For any integer d denote by
M(φ)d = {[u : S → X] | Ind(D˜u) = d}
the locus with expected dimension d, where D˜u is the operator of (29).
Lemma 3.2. Let φ : L → X be a self-transverse immersed Lagrangian brane.
The curvature m0(1) of the cellular Fukaya algebra satisfies the gap condition
valq(m0(1)) > ~, where ~ is the energy quantization constant of Lemma 3.13.
Proof. Any configuration (C, u : S → X) with no incoming semi-infinite edges Te
must have at least one non-constant pseudoholomorphic disk uv|Sv : Sv → X, by
the stability condition. Thus the area of any configuration contributing to m0(1)
must be at least A(uv) > ~ by Lemma 3.13. 
3.4. Domain-dependent perturbations. Regularization of the moduli spaces
is achieved through domain-dependent perturbations, using a Donaldson hyper-
surface [24] to stabilize the domains as in Cieliebak-Mohnke [20]. Recall [24]
Definition 3.3. A Donaldson hypersurface is a codimension two symplectic sub-
manifold D ⊂ X representing a multiple k[ω], k > 0, of the symplectic class
[ω] ∈ H2(X).
Donaldson’s construction in [24] associates to any asymptotically holomorphic
sequence of sections of a line bundle Xˆ → X with first Chern class c1(Xˆ) = [ω]
a sequence of such hypersurfaces. A result of Auroux [8] provides a homotopy
between any two such choices.
As explained in Cieliebak-Mohnke [20], the set of intersections of a pseudo-
holomorphic curve with a Donaldson hypersurface provides an additional set of
marked points that stabilize the domain. Let D ⊂ X be a Donaldson hypersur-
face, that is, a symplectic submanifold of codimension two representing a large
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multiple k[ω] of the symplectic class [ω]. Let JD ∈ J (X) be an almost complex
structure preserving D so that D contains no non-constant holomorphic spheres
as in Cieliebak-Mohnke [20, Section 8].
Lemma 3.4. [20, Section 8] If the degree k is sufficiently large then there exist
an open subset Jτ (X, JD,Γ) in the space of such almost complex structures J near
JD with the property that for each J ∈ Jτ (X, JD,Γ), each J-holomorphic sphere
uv : Sv → X, v ∈ Vert (Γ) intersects D in finitely many but at least three points
u−1v (D).
Definition 3.5. For each combinatorial type Γ,
(a) a domain-dependent almost complex structure is a map
JΓ : SΓ → Jτ (X, JD,Γ)
(notation from (15)) agreeing with the given almost complex structure JD
on the hypersurface D and in a neighborhood of the nodes we ∈ S and
boundary ∂S for any fiber S ⊂ SΓ. Let Vecth(X,D) denote the space of
Hamiltonian vector fields v : X → TX vanishing on a (eventually fixed)
open neighborhood of D.
(b) A domain-dependent Hamiltonian perturbation is a one-form
HΓ ∈ Ω1(SΓ,Vecth(X,D)).
(c) An unbranched domain-dependent matching condition is a map
MΓ : SΓ ∩ T Γ × L→ L
such that MΓ(z, ·) is a diffeomorphism of L for each we ∈ SΓ ∩ T Γ.
(d) A perturbation datum is a datum PΓ = (JΓ, HΓ,MΓ). The space of pertur-
bation data is denoted PΓ = {PΓ}.
To achieve certain symmetry properties of the Fukaya algebra branched pertur-
bation data are required.
Definition 3.6. (a) A branched domain-dependent matching condition is a a
formal sum
(31) MΓ =
k∑
i=1
ciMΓ,i
k∑
i=1
ci = 1
of unbranched matching conditions.
(b) Similarly, a branched domain-dependent Hamiltonian is a a formal sum
(32) HΓ =
l∑
i=1
ciHΓ,i
l∑
i=1
di = 1
of unbranched matching conditions.
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For much of the paper, one could take MΓ, HΓ to be unbranched. However in
order to obtain deal with repeated inputs one must allow formal sums, that is,
multivalued perturbations, see Section 4.4.
Given perturbations the perturbed moduli spaces are defined as follows.
Definition 3.7. For PΓ = (JΓ, HΓ,MΓ), a PΓ-perturbed treed holomorphic disk
is a pair (C, u : S → X) where C of type Γ and the equations (22) and (24) are
replaced with the following conditions:
(a) The map u is perturbed pseudoholomorphic in the sense that
∂JΓ,HΓu(z) =
(
JΓ(z, u(z))(du(z)−HΓ(u(z)))
−(du(z)−HΓ(u(z)))j(z)
)
= 0
on the surface S;
(b) For each unbranched interior edge e the perturbed matching condition
(MΓ,i(u(w−(e))),MΓ,i(u(w+(e)))) ∈ δl(e)(L)
holds for some i for each semi-infinite edge e labelled by a cell σe and for
some i
MΓ,i(u(we)) ∈ σe;
(c) the matching condition holds for each branched interior edge e
u(w0,±(e)) = u(w1,∓(e)).
and for each semi-infinite edge e labelled by a self-intersection point xe we
have u(we) = xe;
The map is adapted if each connected component of u−1(D) contains an interior
node we ∈ S, e ∈ Edge (Γ) and each such we lies in u−1(D).
The combinatorial type of an adapted map is that of the map with the additional
data of a labelling d(e), e ∈ Edge(Γ) of any interior node by intersection multiplic-
ity d(e) with the hypersurface D; let d(e) = 0 if the map u : S → X is constant
with values in the hypersurface D near we. Denote the moduli space of D-adapted
treed holomorphic disks bounding φ of type Γ by MΓ(φ,D). Denote by M(φ,D)
the union over combinatorial types. The requirement that the intersections with
the Donaldson hypersurface are the interior nodes we, e ∈ Edge (Γ) means that
the area of a given combinatorial type of map to X is determined by the interior
nodes as well as the set of ghost bubbles. Thus in particular, for any combinatorial
type Γ of holomorphic treed disk there exist finitely many combinatorial types Γ̂
with domain of type Γ (allowing any combination of stable sphere components to
be ghost bubbles.) Thus for each type Γ of domain the union
MΓ(φ,D) =
⋃
Γ→Γ̂
MΓ̂(φ,D)
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is a finite union of types Γ̂ of maps.
In order to obtain good compactness properties, assume the following coherence
properties of the perturbations.
Assumption 3.8. For each vertex v ∈ Vert(Γ), let Γ(v) denote the subtree of
Γ consisting of the vertex v and all edges e of Γ meeting v. There is a natural
inclusion pi∗UΓ(v) → UΓ. Assume that the perturbations P = (PΓ) satisfy the
following coherence axioms:
(Locality axiom) For any spherical vertex v ∈ Vert (Γ), PΓ restricts to the
pull-back of a perturbation PΓ,v on the image of pi
∗UΓ(v) in UΓ. (Note that
the perturbation PΓ,v is allowed to depend on Γ, not just Γ(v).)
(Cutting edges axiom) If Γ is obtained from types Γ1,Γ2 by gluing along
semi-infinite edges e of Γ1 and e
′ of Γ2 then PΓ is the product of the per-
turbations PΓ1 , PΓ2 under the isomorphism UΓ ∼= pi∗1UΓ1 ∪ pi∗2UΓ2 . The maps
MΓ : L → L corresponding to the end points of the edges e, e′ are uncon-
strained cellular maps. This means thatMΓ,i(Ld) ⊂ Ld for each d = 0, . . . , n
and i = 1, . . . , k.
(Collapsing-edges axiom) If Γ′ is obtained from Γ by setting a length equal
to zero or infinity or collapsing an edge then the restriction of PΓ to UΓ|MΓ′ ∼=
UΓ′ is equal to PΓ′ .
The origins of the axioms is rather different: the (Cutting-edges) and (Collapsing-
edges) axioms in particular imply that the moduli spaceMΓ(φ,D) over the image
of the inclusionMΓ1 ×MΓ2 →MΓ is a product of moduli spaces overMΓ1(φ,D)
and MΓ2(φ,D); this implies that the terms in the A∞ axiom are associated to
the boundary points on the moduli space M(φ,D)1 of holomorphic tree disks of
expected dimension one. On the other hand, in principle one could also have
sphere bubbling: Cieliebak-Mohnke perturbations P = (PΓ) [20] do not make all
strata MΓ(φ,D) expected dimension in the case of ghost bubbles. Without the
(Locality axiom), this fact could cause additional terms in the boundary of the
one-dimensional component M(φ,D)1 of the moduli space of treed holomorphic
maps M(φ,D). The (Locality axiom) implies that if at least one ghost sphere
bubble u : Sv → X, u∗[Sv] = 0 appears then forgetting all but one interior node we
on each ghost bubble Sv ⊂ S, d(v) = 0, one obtains from u : S → X in MΓ(φ,X)
a configuration C ′ = S ′ ∪ T ′ and map u′ : S ′ → X in a stratum MΓ′(φ,D) of
expected dimension at least two lower. However, there is no recursive constraint
on such perturbations PΓ,v.
Remark 3.9. The (Cutting edges) axiom implies the following relationship between
moduli spaces.
(a) In the case that the type Γ is obtained by gluing together types Γ2 and Γ1
along an edge, an element ofMΓ(φ,D) consists of a pair Ck = Sk∪Tk, uk :
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Sk → X of treed holomorphic disks of combinatorial types Γk for k ∈ {1, 2}
and an element l ∈ L such that δ1(l) = (l1, l2) where lk is the evaluation
of uk at the node w
±
e on the relevant side of the edge e of Γ being glued
together. Thus for each pair of cells α, β, we have a map
(33) MΓ(φ,D, σ0, . . . , σd)
→MΓ1(φ,D, σ0, σ1, . . . , σi−1, α, σi+j+1, . . . , σd)0
×MΓ2(φ,D, β, σi, . . . , σi+j−1)0
with finite fiber over a pair (u1, u2) evaluating at
(l−, l+) := (u1(w−e ), u2(w
+
e )) ∈ σi(Bd(i))× σj(Bd(j))
the set of points l ∈ L with δ1(l) = (l−, l+) ∈ L × L. The number of such
points counted with sign is c(α, β).
(b) The true boundary components of any one-dimensional component of the
moduli space M(φ,D) consists of these configurations as well as elements
C = S ∪T, u : S → T ofMΓ(φ,D) of unbroken type Γ whose evaluation at
an end we of some semi-infinite edge e ⊂ T lies in the boundary of the cell
σe of dimension d(e). For generic maps the boundary lies in the interior of
a (d(e)− 1)-cell σ′e and the map
(34) {u ∈MΓ(φ,D, σ0, . . . , σe, . . . , σd), u(we) ∈ σ′e}
→MΓ(φ,D, σ0, . . . , σ′e, . . . , σd)
is generically finite-to-one with finite fiber over any generic element having
∂(σe, σ
′
e) elements, by Definition (16).
Obtaining strict units requires the addition of weightings to the combinatorial
types as in Ganatra [33] and Charest-Woodward [16]. A weighting for a type Γ
is a map ρ from the space Edge∞(Γ) of semi-infinite edges e of Γ to [0,∞]. The
set of generators of the space of Floer cochains CF (φ) is enlarged by adding two
new elements 1φ resp. 1φ of degree 0 resp. −1 with no constraint for the edges
e ∈ Edge(Γ) labelled 1φ, 1φ (that is u(we) is allowed to take any value) so labelled,
and so that if the weight ρ(e) is infinite then the perturbation system is required
to satisfy a forgetful axiom:
(Forgetful axiom) For any semi-infinite edge e with infinite weighting ρ(e) =
∞, the perturbation datum PΓ is pulled back from the perturbation datum
PΓ′ under the forgetful map UΓ → UΓ′ obtained by forgetting the semi-
infinite edge e and stabilizing (that is, collapsing any unstable components).
In particular, this axiom implies that the resulting moduli spaces admit forgetful
morphisms MΓ(φ,D)→MΓ′(φ,D) whenever there is a semi-infinite edge e with
infinite weighting ρ(e). See [16] for more details on the allowable weightings.
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In general, Cieliebak-Mohnke perturbations [20] are not sufficient for achieving
transversality if there are multiple interior nodes on ghost bubbles. Indeed, suppose
there exists a sphere component Sv ⊂ S, v ∈ Vert (Γ) on which the map u|Sv is
constant and maps to the divisor so that u(Sv) ⊂ D. The domain Sv may meet any
number of interior leaves Te ⊂ T . Adding an interior leaf Te′ to the tree meeting
Sv increases the dimension of a stratum dimMΓ(φ,D), but leaves the expected
dimension Ind(Du), u ∈ MΓ(φ,D) unchanged. It follows that MΓ(φ,D) is not of
expected dimension for some types Γ.
Definition 3.10. A holomorphic treed disk (C, u : S → X) crowded if each
such ghost component Sv ⊂ S meets at least two interior leaves Te, that is if
#{e, Te ∩ Sv 6= ∅} ≥ 1, and uncrowded otherwise.
The Sard-Smale theorem is applied to obtain a regular perturbation for each
uncrowded type. We assume that perturbation datum PΓ matches that obtained
by gluing perturbation data PΓ′ on strata UΓ′ contained in UΓ on a fixed neighbor-
hood of the boundary. The space P lΓ of perturbation data of class C l is a Banach
manifold and the space PΓ of perturbation data of class C∞ and fixed to be the
given almost complex structure JD on D is a Baire space. In order to obtain ex-
tensions from lower-dimensional strata UΓ′ ,Γ′  Γ, one uses convexity of the space
of perturbations. For almost complex structures JΓ or Hamiltonian perturbations
HΓ this is standard, while for the matching conditions MΓ convexity follows from
the convexity of the space of solutions to the equation
∑k
i=1 ci = 1. In particular
given two matching conditions
M ′Γ =
∑
c′iM
′
Γ,i, M
′′
Γ =
∑
c′′iM
′′
Γ,i
the family
(35) MΓ = (1− t)M ′Γ + tM ′′Γ
is a family of perturbed matching conditions for any t ∈ [0, 1].
The construction of regular perturbations now proceeds inductively by combi-
natorial type. More precisely, suppose that d, f ≥ 0 are integers. Let Γ be an
uncrowded type of stable treed disk of expected dimension at most one with d
incoming edges and f edges in total, and suppose that regular, stabilizing pertur-
bation data PΓ′ have been chosen for all uncrowded boundary strata with d
′ ≤ d
incoming edges and f ′ ≤ f total edges, with (d′, f ′) 6= (d, f). In particular, per-
turbations have been chosen for any boundary stratum UΓ′ ⊂ UΓ. By the gluing
construction, regular perturbation data exist on a neighborhood VΓ of the bound-
ary of UΓ. Denote by PΓ = {PΓ} the Baire space of perturbations that agree with
the given perturbations on VΓ. By convexity of all choices (see (35)) this space is
non-empty and an application of Sard-Smale gives the desire non-empty space of
regular perturbations.
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Figure 4. Bubbling off the strip-like ends
To obtain compactness of the moduli spaces of expected dimension at most
one, the perturbations PΓ are chosen to satisfying the (Locality Axiom). So for
any crowded stratum MΓ(φ) there exists a moduli space MΓ′(φ) of some other
type Γ’ by forgetting all but one of the interior nodes on such ghost bubbles Sv.
Combinatorial types Γ′ of maps u : S → X with sphere bubbles Sv ⊂ S, Sv ∼= P1
in the domain represent strataMΓ′(φ,D) of codimension two in the moduli space
of treed holomorphic disks M(φ,D). Thus such configurations u : S → X do not
appear in the components of the moduli spaceM(φ,D) of expected dimension at
most one.
Orientations on the moduli spaces may be constructed following Fukaya-Oh-
Ohta-Ono [32, Orientation chapter], [71], given a relative spin structure. For this
purpose we may ignore the constraints at the interior nodes w1, . . . , wm ∈ int(S).
Indeed the tangent spaces to these nodes and the linearized constraints du(wi) ∈
Tu(wi)D are even dimensional and oriented by the given complex structures. As
long as the type Γ has at least one vertex v ∈ Vert(Γ), at any regular element
(u : C → X) ∈ MΓ(φ,D, σ) the tangent space is the kernel of the linearized
operator:
TuMΓ(φ,D) ∼= ker(D˜u).
The operator D˜u is canonically homotopic via family of operators D˜
t
u, t ∈ [0, 1]
to the operator 0 ⊕ Du on the direct sum in (29). For any vector spaces V,W
the determinant line of the tensor product admits an isomorphism det(V ⊕W ) ∼=
det(V )⊗ det(W ). The deformation D˜tu, t ∈ [0, 1] of operators induces a family of
determinant lines det(D˜tu) over the interval [0, 1], necessarily trivial. One obtains
by parallel transport of this family an identification of determinant lines
(36) det(TuMΓ(φ,D))→ det(TCMΓ)⊗ det(Du)
well-defined up to isomorphism. (Here Du denotes the linearized operator sub-
ject to the constraints that require the attaching points of edges mapping to the
cells.) In the case of nodes of S mapping to self-intersection points x ∈ Isi(φ) the
determinant line det(Du) is oriented by “bubbling off one-pointed disks”, see [32,
Theorem 44.1] or [71, Equation (36)]. For each self-intersection point
(x− 6= x+) ∈ L2, φ(x−) = φ(x+)
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choose a path of Lagrangian subspaces
(37) γx : [0, 1]→ Lag(Tφ(x−)=φ(x+)X)
γx(0) = Dx−φ(Tx−L) γx(1) = Dx+φ(Tx+L).
Let S be the unit disk with a single boundary marking 1 ∈ ∂S. The path γx defines
a totally real boundary condition on S on the trivial bundle with fiber TxX. Let
det(Dx) denote the determinant line for the Cauchy-Riemann operator Dx with
boundary conditions γx as in [71]. The mod 2 index
i(x) = [dim(ker(Dx))− dim(coker(Dx))] ∈ Z2
of the operator Dx agrees with the sign of the intersection. Let D+x,1 = det(D+x,1)
and let D−x be the tensor product of the determinant line det(D−x ) for the once-
marked disk with det(TxL). Because the once-marked disks S, S with boundary
conditions γx and γx glue together to a trivial problem on the disk with index TxL,
there is a canonical isomorphism
(38) D−x ⊗ D+x → R.
A choice of orientations Ox ∈ D±x for the self-intersection points x are coherent
if the isomorphisms (38) are orientation preserving with respect to the standard
orientation on R. Similarly for each cell σj ∈ Ic(φ) choose an orientation on the
domain Bd(j). Given a relative spin structure for φ : L → X the orientation at u
is determined by an isomorphism
(39) det(Du) ∼= Dσ0,j0 ⊗ Dσ1,j1 ⊗ . . .⊗ Dσd,jd ,
where each jk ∈ {1, 2} depending on the type of end (branched or unbranched)
associated to ek. The isomorphism (39) is determined by degenerating the surface
with strip-like ends to a nodal surface as in Figure 4. Thus each end e, e ∈ E(Sv) of
a component Sv with a node w mapping to a self-intersection point is replaced by
a disk Sv±(e) with one end attached to the rest of the surface by a node w
±
e . After
combining the orientations oe on the determinant lines on Sv±(k) with orientations
oσ on the tangent spaces to cells σ in the case of broken edges or semi-infinite edges
e ∈ Edge(Γ), `(e) = ∞, one obtains an orientation ou on the determinant line of
the parameterized linear operator det(D˜u). The orientations on the determinant
line ou give orientations on the regularized moduli spacesMΓ(φ,D). In particular
the zero-dimensional types MΓ(φ,D) inherits orientation maps
(40) o :MΓ(φ,D)→ {+1,−1}
comparing the constructed orientation to the canonical orientation of a point.
Definition 3.11. A perturbation datum PΓ ∈ PregΓ has good properties if the
following hold:
(a) (Transversality) Every element of MΓ(φ,D) is regular;
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(b) (Compactness) the closure MΓ(φ,D) is compact and contained in the
adapted, uncrowded locus;
(c) (Boundary description) the boundary ofMΓ(φ,D) is a union of components
MΓ′(φ,D) where either Γ′ is a type with an edge of a length zero, a infinite
length edge connecting two disk components, or a semi-infinite edge e ∈
Edge∞(Γ) mapping to the boundary σi(∂B
d(i)) of a cell;
(d) (Tubular neighborhoods) each uncrowded stratum MΓ(φ,D) of dimension
zero has a tubular neighborhood of dimension one in any adjoining un-
crowded stratum MΓ′(φ,D) of one higher dimension; and
(e) (Orientations) the uncrowded strata MΓ(φ,D) of expected dimension one
or two are equipped with orientations satisfying the standard gluing signs
for inclusions of boundary components described in [16]; in particular de-
note by o(u) ∈ {±1} the orientation sign associated to the zero-dimensional
moduli spaces MΓ(φ,D)0.
Theorem 3.12. Let Γ be a combinatorial type of adapted uncrowded holomorphic
treed disk of expected dimension at most one. Suppose that perturbations PΓ′ on the
types of lower-dimensional strata Γ′  Γ have been chosen with good properties in
Definition 3.11. Then there exists a comeager subset PregΓ of the space PΓ agreeing
with PΓ′ on UΓ′ with good properties as well.
Sketch of proof. Transversality is an application of the Sard-Smale theorem to the
local universal moduli spaces. For l  k consider the space of perturbation data
of class C l
P lΓ(X,D) = {PΓ = (JΓ, HΓ,MΓ)}.
The moduli spaces MΓ(φ,D) are cut out locally by a section of a Banach vector
bundle. Let S◦ = S − T denote the surface with strip-like ends E(S◦) obtained by
removing the special points on the boundary. Using the Sobolev mapping spaces
from (25) define a universal space
Bik,p,l,Γ ⊂MiΓ ×Mapk,p(S◦, X)×Mapk,p(∂S◦, L)× P lΓ(X,D)
by definition the subset of tuples (m,u, ∂u, JΓ, HΓ,MΓ) satisfying the following
conditions:
• the boundary condition u◦ι = φ◦∂u where ι is the canonical map ∂S◦ → S◦;
• the matching conditions
(MΓ,i(u(w−(e)), w−),MΓ,j(u(w+(e)), w+)) ∈ δl(e)(L)
for some i, j at each pair of endpoints (w−(e), w+(e)) of combinatorially
finite edges with no branching; otherwise if branched
(∂u)(w−(e)) = (∂u)(w+(e)) ∈ Isi(φ);
• the semi-infinite edge conditions
MΓ,i(u(we), we) ∈ σe(Bd(i)) resp. u(we) = σe
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for some i if unbranched resp. branched;
• for each of the interior semi-infinite edges e ∈ Edge (Γ)
u(we) ∈ D
at the endpoints we of e.
Consider the fiber bundle E i = E ik,p,l,Γ over Bik,p,l,Γ given by
(E ik,p,l,Γ)m,u,J ⊂ Ω0,1j,J,Γ(S◦, u∗TX)k−1,p
the space of 0, 1-forms with respect to j(m), J on the surface with strip-like ends
S−T that vanish to order m(e)−1 at the node we. The Cauchy-Riemann operator
defines a Cq section
(41) ∂Γ : Bik,p,l,Γ → E ik,p,l,Γ, (m,u, ∂u, s, JΓ, HΓ,MΓ) 7→ ∂Γu
where
(42) ∂Γu(z) :=
1
2
((du(z)−HΓ(u(z))
+ JΓ(z, u(z))(du(z)−HΓ(u(z)))j(m, z)), ∀z ∈ S.
The local universal moduli space is
Muniv,iΓ (φ,D) = ∂
−1
Γ Bik,p,l,Γ
where Bik,p,l,Γ is embedded in E ik,p,l,Γ as the zero section. As in [16], the local
universal moduli spaces Muniv,iΓ (φ,D) are cut out transversally since pointwise
variations in the almost complex structures are arbitrary, and unique continuation
holds on each surface component. By the Sard-Smale theorem, for l sufficiently
large the set of regular values P i,regΓ (φ,D)l of ϕi on Muniv,iΓ (φ,D)d in PΓ(φ,D)l is
comeager. Let
P l,regΓ (φ,D)l = ∩iP i,l,regΓ (φ,D)l.
A standard argument shows that the set of smooth domain-dependent PregΓ (φ,D)
is also comeager. Fix (JΓ, HΓ,MΓ) ∈ PregΓ (φ,D). By elliptic regularity, every
element of MiΓ(φ,D) is smooth. The transition maps for the local trivializations
of the universal bundle define smooth maps
MiΓ(φ,D)|MiΓ∩MjΓ →M
j
Γ(φ,D)|MiΓ∩MjΓ .
This construction equips the spaceMΓ(φ,D) = ∪iMiΓ(φ,D) with a smooth atlas.
Since MΓ is Hausdorff and second-countable, so is MΓ(φ,D). It follows that
MΓ(φ,D) has the structure of a smooth manifold. The construction of tubular
neighborhoods and orientations is similar to the case treated in [17] (note that
gluing of Morse trajectories is not required.) 
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For Hamiltonian-perturbed maps the Hamiltonian-perturbed energy is
(43) EH(u) =
1
2
∫
S
‖dHu‖2d VolS
where d VolS is the area element on the surface S. The energy EH(u) is equal to the
area A(u) up to a curvature term explained in [46, Chapter 8]). The construction
above naturally produces a collection of moduli spaces satisfying an energy gap
condition:
Lemma 3.13. Let φ : L → X be a self-transverse Lagrangian immersion. There
exists an ~ > 0 such that any treed holomorphic disk u : S → X with boundary on
φ containing at least one non-constant pseudoholomorphic disk uv : Sv → X, duv 6=
0, v ∈ Vert(Γ) has area A(u) at least ~.
Proof. For E > 0, Gromov compactness implies that the set of homotopy classes
[u] ∈ pi2(φ) of holomorphic disks u : S → X,S = {|z| ≤ 1} with energy bound
EH(u) < E is finite. This implies that the set {A(u), du 6= 0} of non-zero energies
of disks u : S → X bounding φ has a non-zero minimum minuA(u), du 6= 0, which
we may take to equal ~. 
Remark 3.14. If we choose the Hamiltonian perturbation HΓ sufficiently small,
then the areas A(u) of all rigid (JΓ, HΓ)-holomorphic treed disks u : S → X
are non-negative. Indeed, the areas of such configurations A(u) are topological
quantities, that is, depend only on the homotopy type of the map [u] ∈ pi2(φ).
The set of homotopy types [u] achieved by pseudoholomorphic maps u : S → X
is unchanged by the introduction of a perturbation HΓ, by a standard argument
using Gromov compactness.
4. Fukaya algebras in the cellular model
Fukaya algebras of immersed Lagrangians with cell decompositions may be de-
fined by adapting the Morse model definition in Palmer-Woodward [57] for cellular
homology.
4.1. Cellular Floer cochains. The generators of the Floer complex in the cel-
lular model consist of cells, self-intersection points, and additional generators for
homotopy units. The set of generators is
(44) I(φ) = Ic(φ) ∪ Isi(φ) ∪ Ihu(φ)
where
Ic(φ) := {σi : Bd(i) → L}
is the set of cells, given as maps σi from balls B
d(i) of dimension d(i) to L with
boundary in the union of the images of j-cells for j < i;
Isi(φ) := (L×φ L)−∆L
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is the space of ordered self-intersection points, where L ×φ L is the fiber product
and ∆L ⊂ L2 the diagonal; and
Ihu(φ) := {1φ, 1φ}
are two additional generators added as part of the homotopy unit construction.
The sum
1φ :=
∑
codim(σi)=0
σi
is the geometric unit. Thus I(φ) consists of the cells in L together with two copies
of each self-intersection point, plus two extra generators.
In order to obtain graded Floer cohomology groups a grading on the set of
generators is defined as follows. Given an orientation, there is a natural Z2-valued
map
I(φ)→ Z2, x 7→ |x|
obtained by assigning to any cell σ ∈ Ic(φ) the codimension mod 2 and to any
self-intersection point (x−, x+) ∈ Isi(φ) the element |x| = 0 resp. |x| = 1 if the
self-intersection is even resp. odd. The grading degrees of the cells are determined
by the codimensions codim(σi) = dim(L)− d(i) for the cells σi, and
|1φ| = 0, |1φ| = −1
for the extra generators 1φ, 1φ.
4 Denote by Ik(φ) the subset of σ ∈ I(φ) with
|σ| = k mod 2.
The space of Floer cochains is freely generated by the above generators over the
Novikov field. Let
CF (φ) =
⊕
x∈I(φ)
Λx.
The space of Floer cochains is naturally Z2-graded by
CF (φ) =
⊕
k∈Z2
CF k(φ), CF k(φ) =
⊕
x∈Ik(φ)
Λx.
The q-valuation on Λ extends naturally to CF (φ):
valq : CF (φ)− {0} → R,
∑
x
c(x)x 7→ min
x
(valq(c(x)), c(x) 6= 0).
4Here we work only with Z2 gradings so the extra generators are simply even and odd respec-
tively; see Remark 2.5.
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4.2. Composition maps. The composition maps in the cellular Fukaya algebra
are counts of rigid holomorphic treed disks weighted by areas and holonomies.
Denote for any holomorphic treed disk u : S → X the holonomy of the local
system y : pi1(φ(L))→ Λ× by y(∂u) ∈ Λ×. For regular perturbations define higher
composition maps
md : CF (φ)
⊗d → CF (φ)[2− d], d ≥ 0
on generators as follows. Let σ1, . . . , σd ∈ I(φ) with at least one not equal to
1φ, 1φ. The value of the composition map md(σ1, . . . , σd) is a weighted count of
holomorphic disks given on generators by
(45) md(σ1, . . . , σd) =
∑
σ0,γ∈I(φ)
u∈MΓ(φ,σ)0
(−1)♥
θ(u)!
y(∂u)qA(u)o(u)c(σ0, γ)γ
where we have written tensor products as commas to save space and
• θ(u) is the number of interior leaves, corresponding to intersections u(we), e ∈
Edge (Γ) with the Donaldson hypersurface D ⊂ X;
• y(∂u) is the holonomy of the local system y around the boundary u(∂S) ⊂
φ(L);
• A(u) is the sum of the areas A(uv) of the disks uv : Sv → X;
• o(u) ∈ {±1} is an orientation sign defined in (40) using the relative spin
structure;
• the sign ♥ is given by
(46) ♥ =
d∑
i=1
i|σi|
and
• MΓ(φ, σ)0 ⊂ MΓ(φ) is the subset of rigid maps with constraints given by
generators σ = (σ0, . . . , σd), and the sum is over all types Γ.
If a matching condition MΓ is a formal sum (rather than a single diffeomor-
phism) the contributions are weighted by the coefficients ci, dj of the perturbations
MΓ,i, HΓ,j in (32). The composition maps for 1φ, 1φ are defined by requiring that
1φ is a strict unit. In particular
(47) m2(1φ, 1φ) = 1φ, m2(1φ, 1φ) = m2(1φ, 1φ) = 1φ
and these relations are the only way to obtain 1φ, 1φ as an output.
Theorem 4.1. For any regular, coherent perturbation system P = (PΓ) the maps
(md)d≥0 satisfy the axioms of a (possibly curved) A∞ algebra CF (φ) with strict
unit 1φ ∈ CF (φ).
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Proof. We must show that the composition maps md, d ≥ 0 satisfy the A∞ -
associativity equations
(48) 0 =
∑
d1,d2≥0
d1+d2≤d
(−1)d1+
∑d1
i=1 codim(σi)md−d2+1(σ1, . . . , σd1 ,
md2(σd1+1, . . . , σd1+d2), σd1+d2+1, . . . , σd)
for any σ1, . . . , σd ∈ I(φ). Up to sign the relation (48) follows from the descrip-
tion of the boundary of the one-dimensional components in Theorem 3.12. This
description implies that any one-dimensional component M(φ,D)1 of M(φ,D)
has true boundary points (that is, those 0-dimensional strataMΓ(φ,D) that form
the topological boundary of M(φ,D)1) that are given either by configurations
u : S → X in which the deformation parameter l(e) for an edge e ∈ Edge (Γ) con-
verges to infinity or one of the semi-infinite edges e ∈ Edge∞(Γ) has node we ∈ S
mapping into the boundary of a cell σi(∂B
d(i)).
In the first case of interior edge breaking, suppose that the combinatorial type
Γ of the moduli space MΓ(φ,D) does not involve weightings and there is a single
interior edge e ∈ Edge−(Γ) of infinite length `(e) = ∞, the graph Γ is obtained
by gluing together graphs Γ1,Γ2 with d− d2 + 1 and d2 leaves along semi-infinite
edges e−, e+, say with θ1 resp. θ2 interior leaves. There are θ choose θ1, θ2 ways
of distributing the interior leaves to the two component graphs. Combining (33)
and (34) we have up to signs
(49) 0 =
∑
i=0,...,d,α∈I(φ)
u∈MΓ(φ,D,σ0,...,σi−1,α,σi+1,...,σd)0
∂(σi, α)q
A(u)o(u)y(∂u)
+
∑
α∈I∨(φ),u∈MΓ(φ,D,α,σ1...,σd)0
qA(u)o(u)y(∂u)∂∨(α, σ0)
+
∑
α∈I(φ),β∈I∨(φ)
u1∈MΓ1 (φ,D,σ0,σ1,...,σi−1,α,σi+d2+1,...,σd)0
u2∈MΓ2 (φ,D,β,σi,...,σi+d2−1)0
c(α, β)(θ!)−1
(
θ
θ1
)
qA(u1)+A(u2)
o(u1)o(u2)y(∂u1)y(∂u2).
Taking the sum over σ0 and using the identity (19)∑
β
c(β, σ0)∂
∨(α, β) =
∑
β
∂(β, σ0)c(α, β)
shows the A∞ axiom up to sign. Following [48] for the sign computation, the
gluing map on determinant lines takes the form (omitting tensor products from
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the notation to save space)
(50) det(R) det(TMm)D+αD−σn+1 . . .D−σn+m
det(TMd−m+1)D+σ0D−σ1 . . .D−β . . .D−σd
→ det(TMd)D+σ0D−σ1 . . .D−σd
where Md is the moduli space of treed disks with d incoming boundary semi-
infinite edges. To determine the sign of this map, first note that the gluing map
(0, )×Mm ×Md−m+1 →Md
on the associahedra is given in coordinates (using the automorphisms to fix the
location of the first and second point in Mm to equal 0 resp. 1 and Md−m+1) by
(51) (δ, (z3, . . . , zm), (w3, . . . , wd−m+1))
→ (w3, . . . , wn+1, wn+1 + δ, wn+1 + δz3, . . . , wn+1 + δzm, wn+2, . . . , wd−m).
The map in (51) acts on orientations by a sign of −1 to the power
(52) (m− 1)(n− 1).
These signs combine with the contributions
(53)
n∑
k=1
k|σk|+ (n+ 1)|α|+
d∑
k=n+m+1
(k −m+ 1)|σk|+
m∑
k=n+1
(k − n)|σk|
in the definition of the structure maps, and a contribution
(54) (d−m+ 1)m+m
(
|α|+
∑
i≥n
|σi|
)
from permuting the determinant lines D−σj , j = n+1, . . . , n+m,D
+
α with det(TMd−m+1)
and permuting these determinant lines with the lines D−σi , i ≤ n,D−β . On the other
hand, the sign in the A∞ axiom contributes
(55)
n∑
k=1
(|σk|+ 1).
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Combining the signs (52), (53), (54), (55) one obtains mod 2
(56) (mn+ n+m) +
(
n∑
k=1
k|σk|+ (n+ 1)|α|
+
d∑
k=n+m+1
(k −m+ 1)|σk|+
n+m∑
k=n+1
(k − n)|σk|
)
+ (d−m+ 1)m+m
(
|α|+
∑
i≤n
|σi|
)
+
n∑
k=1
(|σk|+ 1)
≡ (mn+m+ n) +
d∑
k=1
k|σk|+ (n+ 1)|α|+
d∑
k=n+m+2
(m− 1)|σk|+
n+m∑
k=n+1
n|σk|
+ (d−m+ 1)m+m
(
d+
∑
i≥n+m+1
|σi|
)
+
n∑
k=1
|σk|+ n
(57)
≡ mn+m+
d∑
k=1
k|σk|+ |α|+
d∑
k=n+m+2
|σk|+nm+(d−m+1)m+md+
n∑
k=1
|σk|+n
≡ m+
d∑
k=1
k|σk|+
n+m∑
k=n+1
|σk|+m+
d∑
k=n+m+2
|σk|+
n∑
k=1
|σk|
which is congruent mod 2 to
(58)
d∑
k=1
(k + 1)|σk|.
Since (58) is independent of n,m, the A∞ -associativity relation (48) follows for
unweighted leaves.
The case of weighted leaves produces additional terms. In the case of a weighted
leaf e one has additional boundary components of the moduli space Md of treed
disks (C : u : S → X) with weightings ρ(e) either zero or infinity. Those
configurations correspond to a weighted leaf e ∈ Edge→(Γ) and outgoing edge
e0 ∈ Edge→(Γ) ∪ Edge→(Γ). In the A∞ maps those configurations correspond to
the terms involving 1 and 1 in m1(1 ).
The strict unitality follows from the existence of a forgetful map for perturba-
tions with edges with an infinite weighting. Since the only allowable label for such
edges is 1φ, it follows from a degree argument that there are no rigid configurations
involving an incoming label 1φ unless there are at most two incoming leaves, as in
[16]. In the case of two incoming leaves, the only rigid configurations are constant
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and lead to the strict identity relations. For a single incoming leaf we have m1(1φ)
by definition. 
The second homotopy-associativity equation gives a condition for the existence
of a coboundary operator. The element
m0(1) ∈ CF (φ)
is the curvature of the Fukaya algebra and has positive q-valuation valq(m0(1)) > 0
by Remark 3.2. The Fukaya algebra CF (φ) is flat if m0(1) vanishes and projec-
tively flat if m0(1) is a multiple of the identity 1φ. The first two A∞ relations
are the analogs of the Bianchi identity and definition of curvature respectively in
differential geometry:
m1(m0(1)) = 0, m
2
1(σ) = m2(m0(1), σ)− (−1)|σ|m2(σ,m0(1)), ∀σ ∈ I(φ).
Thus if CF (φ) is projectively flat then m21 = 0 and the undeformed Floer coho-
mology HF (φ) = ker(m1)/ im(m1) is defined. By construction
m1(1φ) = 1φ − 1φ + higher order in q.
More generally the Fukaya algebra may admit projectively flat deformations
even if it itself is not projectively flat. Consider the sub-space of CF (φ) consisting
of elements with positive q-valuation
CF (φ)+ =
⊕
σ∈I(φ)
Λ>0σ.
where Λ>0 = {0} ∪ val−1q (0,∞).5 Define the Maurer-Cartan map
m : CF (φ)+ → CF (φ), b 7→ m0(1) +m1(b) +m2(b, b) + . . . .
Here m0(1) is the image of 1 ∈ Λ under
m0 : CF (φ)
⊗0 ∼= Λ→ CF (φ).
Let MC(φ) denote the space of (weakly) bounding cochains:
MC(φ) =
{
b ∈ CF odd(φ)
valq(b) > 0
∣∣∣∣ m(b) ∈ span(1φ) } .
The value W (b) of m(b) for b ∈MC(φ) defines the disk potential
W : MC(φ)→ Λ, mb0(1) = W (b)1φ.
5In fact one can only require positive valuations of the coefficients of the degree one generators,
and the self-intersection points. The requirement of positivity at the self-intersection points can
be slightly weakened, see (65) below.
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For any b ∈ MC(φ) define a projectively flat deformed Fukaya algebra CF (φ, b)
with the same underlying vector space but composition maps mbd defined by
(59) mbd(a1, . . . , ad) =
∑
i1,...,id+1
md+i1+...+id+1(b, . . . , b︸ ︷︷ ︸
i1
, a1, b, . . . , b︸ ︷︷ ︸
i2
, a2, b,
. . . , b, ad, b, . . . , b︸ ︷︷ ︸
id+1
);
note that these maps only satisfy the A∞ axiom if b has odd degree because of
additional signs that appear in the case b even. Occasionally we wish to emphasize
the dependence of MC(φ) on the local system y ∈ R(φ) and we write MC(φ, y)
for MC(φ). For b ∈ CF (φ)+ define
(60) mbd(a1, . . . , ad) =
∑
i1,...,id+1
md+i1+...+id+1(b, . . . , b︸ ︷︷ ︸
i1
, a1, b, . . . , b︸ ︷︷ ︸
i2
, a2, b,
. . . , b, ad, b, . . . , b︸ ︷︷ ︸
id+1
).
For b ∈ MC(φ), the maps mbd, d ≥ 1 form a projectively flat A∞ algebra. The
resulting cohomology is denoted
HF (φ, b) = ker(mb1)/ im(m
b
1)
The union of HF (φ, b) for b ∈ MC(φ) mod gauge equivalence, see the following
section, is a homotopy invariant of CF (φ) and independent of all choices up to
isomorphism of groups and change of base point b.
In the case of self-intersection points, the condition that the Maurer-Cartan so-
lutions have positive q-valuation may be relaxed using the following lemma, which
is a sort of energy quantization for corners at self-intersections. The following is
an analog of [23, Lemma 2.6].
Lemma 4.2. Suppose that (C, u : S → X) be a rigid treed holomorphic map disk
that, if dim(L) = 2, is non-constant. There exists δ > 0 such that if s is the
number of boundary nodes we ∈ S mapping to transverse self-intersection points
σe ∈ Isi(φ) then A(u) ≥ sδ.
Proof. In each local chart near a self-intersection the area is controlled by the
number of corners mapping to the self-intersection. Let x ∈ Isi(φ) be a self-
intersection point. We may assume without loss of generality that the Darboux
chart X ⊃ U → Cn has image that contains the unit ball Br(0) ⊂ Cn for r ∈
(0,∞) small. The complex structure JΓ ∈ J (X) near the self-intersection point is
standard JΓ|U = J0, J0z = iz.
We first deal with the case that the configuration is non-constant. Where u is
non-zero in the local chart it defines a section z 7→ ([u(z)], u(z)) of the pull-back
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[u]∗T of the tautological bundle
T =
{
(`, z) ∈ CP n−1 × Cn ∣∣ z ∈ ` }→ CP n−1.
Each corner we ∈ ∂S mapping to the self-intersection point x represents a zero of
u as a section of [u]∗T . So the degree deg(u|u−1(U)) is at least the number s of
corners we ∈ u−1(Br(x)).
Next we use that the symplectic form is locally exact. In this case the area of a
disk depends only on its restriction to the boundary. The symplectic form ω0 on
Cn is exact with
ω0 = dα0, α0 :=
n∑
j=1
1
2
(qjdpj − pjdqj) ∈ Ω1(Cn).
The restriction of α0 to the boundary of the ball Br(x) is −r2 times the standard
connection one-form αT ∈ Ω1(T ) on the universal bundle over CP n−1. Let
curv(T ) ∈ Ω2(CP n−1), pi∗ curv(T ) = dα0
denote the curvature two-form. The energy of the projection [u] at most the
energy of u, and in particular finite. By removal of singularities the map u|u−1(U)
determines a map [u] : u−1(U) → CP n−1. Since [u] is also holomorphic, the
pull-back of the curvature −[u]∗ curv(T ) ∈ Ω2(u−1(U)) is a positive two-form. By
Stokes’ theorem,
(61)
∫
u−1(Br(x))
u∗ω0 = −
∫
u−1(∂U)
u∗α0
using that the restriction of α to the Lagrangian branches Rn, iRn vanishes. On
the other hand, on the locus u 6= 0 the map u determines a section of U in which
the bundle is trivial. The integral (61) is the parallel transport in the frame defined
by the section u:∫
u−1(∂U)
u∗α0 = −r2
∫
u−1(∂U)
u∗αT(62)
= −
∫
[u|U ]
[u]∗ curv(T ) + (r2pi/4)
∑
z∈u−1(0)
deg(u, z)(63)
where deg(u, z) ∈ Z≥0 is the multiplicity of the zero z ∈ u−1(0). The tautological
bundle T is the inverse of the hyperplane bundle, so − curv(T ) is a positive two-
form. It follows that the first term on the right hand side of (63) is non-negative.
Taking δ to be the minima of constants r2pi/4, as x varies over transverse self-
intersection points, proves the claim.
Finally we deal with the case of constant disks mapping to self-intersections.
Constant disks mapping u : S → X with image φ(x), x ∈ Isi(φ) must have corners
with alternating labels σ1 = x, σ2 = x, σ3 = x, σ4 = x, . . .. These can be rigid for
arbitrary numbers of markings if and only if dim(L0) = 2 for reasons of degree. 
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Corollary 4.3. Let φ : L→ X be a self-transverse immersed Lagrangian brane of
dimension dim(L) ≥ 2. The projective Maurer-Cartan equation
(64)
∑
d≥0
md(b, . . . , b) ∈ span 1φ
is well-defined for b of the form b = bsi + bc with
bsi ∈ span(Isi(φ)), bc ∈ span(Ic(φ)), valq(bsi) > −δ, valq(bc) > 0.
Any such solution b has square-zero mb1 and so a Floer cohomology group
HF (φ, b) =
ker(mb1)
im(mb1)
.
Proof. By Lemma 4.2, the infinite sum in the Maurer-Cartan equation (64) has q-
valuations approaching infinity and is well-defined in CF (φ). A similar argument
shows that the deformed Fukaya maps mbn from (59) are well-defined. 
The Maurer-Cartan solutions with negative valuation also lead to well-defined
Floer cohomology groups. Denote by
(65) MCδ(φ) =
{
bsi + bc
∣∣∣∣ bc ∈ span(Ic(φ) ∪ {1φ}) valq(bc) > 0bsi ∈ span(Isi(φ)) valq(bsi) > −δ
}
.
As in the case of positive q-valuation, elements b ∈MCδ(φ) give rise to well-defined
Floer cohomology groups
HF (φ, b), b ∈MCδ(φ);
see Corollary 4.3. In the case φ = φ is a surgery, we allow the coefficients
b(µ), b(λ) of the meridian and longitude to have vanishing q-valuation. Lemma
4.11 implies that for perturbation systems we use, the potential W (b) and Floer
cohomology HF (φ, b) is still well-defined for such elements. Readers worried by
the convergence issue may use, at least for dim(L0) > 2, the shift in local system
(3).
We briefly describe the invariance properties of cellular Fukaya algebras, which
we hope will be future work. The argument using quilted disks, see Charest-
Woodward [16, Section 3] and Palmer-Woodward [57, Remark 6.3] extends to
the cellular setting to define A∞ morphisms between A∞ algebras defined using
different choices. Given two sets of choices Jk, Dk, P k this argument gives an A∞
morphism
CF (φ, J0, D0, P 0)→ CF (φ, J1, D1, P 1)
inducing in particular a morphism of Maurer-Cartan spaces
MC(φ, J0, D0, P 0)→MC(φ, J1, D1, P 1)
preserving the Floer cohomologies. We will study elsewhere the homotopy type
of the immersed Fukaya algebra CF (φ), and the independence of CF (φ) from the
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choices of almost complex structure, divisor, and perturbations. At the moment
we can prove that the isomorphism class of the Floer cohomology HF (φ, b) is
independent of all choices, but not the homotopy type of the Fukaya algebra CF (φ)
unless the decompositions I(φ), I∨(φ) are dual in the topological sense.
Example 4.4. The following example of an immersion of a circle in the plane shown
in Figure 1 is an easily visualizable example of the invariance of the disk potential.
Although not of the required dimension in the theorem, invariance under surgery
holds. In this case the correspondence between holomorphic curves is an appli-
cation of the Riemann mapping theorem. The Floer cohomology is trivial since
the circle is displaceable by a compactly-supported Hamiltonian flow. The disk
potential is non-trivial and will be computed below. Let φ0 : S
1 → R2 be the
immersion with three self-intersection points
x, x′, x′′ ⊂ φ0(S1).
The complement of the image φ0(S
1) ⊂ X = R2 has five connected components
as in Figure 1. The self-intersection points of φ0 are admissible in the sense of
Definition 1.1. Indeed any disk u : S → X with boundary on φ0 and meeting one
of the self intersection points x = (x−, x+) ∈ S1 without a branch change must
contain in its image u(S) the exterior non-compact region in X outside the curve
φ0(S
1). This is impossible since the image of a compact set must be compact.
To compute the disk potential, suppose that the area of the central region in
X − φ0(L) is A0 > 0 while the area of each of the lobes is A1 > 0. For simplicity
we choose a cell structure on L0 ∼= S1 with a single 0-cell σ0 on the lobe containing
x, and a single 1-cell σ1; the actual cell structure used for the proof is somewhat
more complicated but the difference in cell structures is irrelevant for the example.
The coefficients of the cells σ0, σ1 in this cellular approximation are necessarily
c(σ1, σ0) = c(σ0, σ1) = 1
and all other coefficients vanish for degree reasons. Consider the cochain
b0 = iq
(−A0+3A1)/21φ0 + iq
(A1−A0)/2(x+ x′ + x′′)
with coefficient iq(A1−A0)/2 on the self-intersection points x, x′, x′′ and a multiple
of the degree −1 element iq(−A0+3A1)/21φ0 . The disk u : S → X whose interior
int(S) maps to the central region of X − φ0(L0) contribute to mb00 (1) with out-
puts on x, x′, x′′. The holomorphic strip connecting x to the zero-dimensional cell
contributes to mb00 (1) as well. Thus
mb00 (1) = q
A1(x+ x′ + x′′) + qA0(iq(A1−A0)/2)2(x+ x′ + x′′)
+ (iq(A1−A0)/2)qA1σ1 + iq(−A0+3A1)/2(1φ0 − 1φ0)
= iq(−A0+3A1)/21φ0
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is a multiple of the unit 1φ0 . Thus the element b0 is a solution to the projective
Maurer-Cartan equation.
A small Lagrangian surgery produces a Lagrangian immersion of a disjoint union
of circles. Choose  > 0 sufficiently small so that the surgery is defined and
(A1 − A0)/2 = −A()
where A() > 0 is the area from Definition 2.1. Let σ′1, σ
′′
1 denote the top-
dimensional cells on the two components near the self-intersection point as in
Figure 1. Define a local system y are
y([σ
′
1]) = y([σ
′′
1 ]) = iq
(A1−A0)/2qA() = i.
By definition b is defined by removing the x-term so that
b = iq
(−A0+3A1)/21φ0 + iq
(A1−A0)/2(x′ + x′′).
We have
mb0 (1) = iq
A1−A()σ′1 + (iq
(A1−A0)/2)2qA0−A()σ′′1
+qA1(x′ + x′′) + qA0−A()i(iq(A1−A0)/2)(x′ + x′′)
+iq(−A0+3A1)/2(1φ0 − 1φ0)
= iq(−A0+3A1)/21φ0 .
It follows that mb0 (1) is a multiple of the strict unit 1φ0 on the right-hand-side
with the same value of the potentials
W0(b0, y0) = iq
(3A1−A0)/2 = W(b, y)
as the unsurgered immersion φ0. This ends the example.
4.3. Gauge equivalence. A notion of gauge equivalence relates solutions to the
weak Maurer-Cartan equation so that cohomology is invariant under gauge equiv-
alence. For b0, . . . , bd ∈ CF (φ) of odd degree and a1, . . . , ad ∈ CF (φ) define
(66) mb0,b1,...,bdd (a1, . . . , ad) =∑
i1,...,in+1
mn+i1+...+in+1(b0, . . . , b0︸ ︷︷ ︸
i1
, a1, b1, . . . , b1︸ ︷︷ ︸
i2
, a2, b2,
. . . , b2, . . . , ad, bd, . . . , bd︸ ︷︷ ︸
in+1
).
Two elements b0, b1 ∈ CF (φ)+ are gauge equivalent if and only if
∃h ∈ CF (φ)+, b1 − b0 = mb0,b11 (h), deg(h) even.
We then write b0 ∼h b1. The linearization of the above equation is m1(h) = b1−b0,
in which case we say that b0 and b1 are infinitesimally gauge equivalent.
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For notational convenience we define a “shifted valuation”
valδq(b
si) = valq(b
si) + δ bsi ∈ span(Isi(φ))− {0}
valδq(b
c) = valq(b
c) bc ∈ span(Ic(φ))− {0}
valδq(b
c + bsi) = min(valδq(b
c), valδq(b
si)), bc, bsi 6= 0.
Then MCδ(φ) is the space of solutions to the projective Maurer-Cartan equation
with non-negative valδq.
Lemma 4.5. Let φ : L→ X be a self-transverse immersed Lagrangian brane.
(a) (Preservation of the Maurer-Cartan space under gauge equivalence) If b0 ∼h
b1 and b0 ∈MCδ(φ) then b1 ∈MCδ(φ) as well.
(b) (Translation of infinitesimal gauge equivalences into gauge equivalences)
Suppose that h, b0, b1 ∈ CF (φ) and ζ > 0 are such that
m1(h) = b1 − b0, valδq(h) > ζ.
Then there exists an element b∞ ∈ CF (φ), valδq(b∞) > 0 with
mb0,b∞1 (h) = b∞ − b0, valδq(b∞ − b1) > valδq(b1 − b0) + ζ.
Proof. For item (a), note that
mb10 (1)−mb00 (1) =
∑
d,i≤d−1
md(b0, . . . , b0︸ ︷︷ ︸
i
, b1 − b0, b1, . . . , b1)
= mb0,b11 (m
b0,b1
1 (h))
= mb0,b0,b12 (m
b0
0 (1), h)−mb0,b1,b12 (h,mb10 (1))
= W (b0)h−W (b1)h−mb0,b1,b12 (h,mb10 (1)−W (b1)1φ)
where W (b1) is defined so that
mb10 (1) = W (b1)1φ + (m
b1
0 (1)−W (b1)1φ)
and the second term mb10 (1) −W (b1)1φ has coefficient of the strict unit 1φ equal
to zero. So
(67) W (b0)(1φ − h) = W (b1)(1φ − h) +mb0,b1,b12 (h,mb10 (1)−W (b1)1φ).
Since the last term on the right has no coefficient of 1φ by (47) and 1φ − h is
invertible, we must have W (b0) = W (b1).
We now apply an induction. Suppose that there exists ζ > 0 and k ≥ 1 such
that mb10 (1) −mb00 (1) is divisible by qkζ and valδq(h) > ζ; note that this holds for
k = 1 and some ζ > 0 sufficiently small by the previous paragraph. Then (67)
implies that
mb10 (1) ∈ W (b0)1φ + (valδq)−1(((k + 1)ζ,∞)).
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The claim follows by induction. Item (b) follows from a filtration argument. Let
bk solve the equation
bk = m
b0,bk
1 (h) + b0 mod (val
δ
q)
−1((kζ,∞)).
Define a solution bk+1 to order (k + 1)ζ by taking
bk+1 = m
b0,bk
1 (h) + b0 mod (val
δ
q)
−1(((k + 1)ζ,∞)).
Then
bk = bk+1 mod(val
δ
q)
−1(kζ,∞).
The desired element b∞ is the limit of the elements bk as k →∞. 
The following gives a way of “gauging away” the weakly bounding cochain in a
neighborhood of the self-intersection. Let φ : L → X be a Lagrangian immersion
equipped with a cell structure. A standard ball in the cell decomposition consists
of an open ball σn : B
n → L and its boundary σn−1 : Bn−1 → L with image ∂Bn,
with an additional 0-cell σ0 : B
0 → L as its boundary.
Proposition 4.6. Suppose that (σn, σn−1, σ0) is a standard ball in the cell structure
for L. Any b0 ∈ MCδ(φ) is gauge equivalent to some b∞ ∈ MCδ(φ) that vanishes
on the cell σn−1.
Proof. Let bk ∈ MCδ(φ) have coefficient b0(σn−1) of σn−1 with valδq(b0) > kζ for
some k ≥ Z>0. Note that m1(σn) has leading order term σn−1. Let h = bk(σn−1)σn.
By Lemma 4.5 there exists bk+1 ∈MCδ(φ) such that
bk+1 − bk = mbk,bk+11 (h)
and
valδq(bk+1(σn−1)) > val
δ
q(bk(σn−1)) + ζ ≥ (k + 1)ζ.
Taking the limit k →∞ gives an element
b∞ ∈MCδ(φ), b∞(σn−1) = 0. 
4.4. Repeating inputs. The divisor equation for Lagrangian Floer cohomology
is a hoped-for relation for the insertion of a degree one cocycle into the compo-
sition maps. In this section we prove a related result for the contribution of any
configuration with a codimension one cell as input up repetition of the input. The
results of this section are not necessary if one is willing to restrict to one of the
following cases:
• the case dim(L0) ≥ 3 in which case one may use the shift in local system
(3) and b = b − b0(x)x − b0(x)x instead of shifting the weakly bounding
cochain in Definition 1.2;
• the case dim(L0) = 2, b0 = 0 in which case one may use the formula (6)
as well as (3) and b = b − b0(x)x − b0(x)x − ln(b0(x)b0(x) − 1)κ for some
one-cycle κ ∈ C1(L0) instead of Definition 1.2. See Remark 7.11 below.
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The divisor equation for Fukaya algebras is similar to the familiar divisor equa-
tion in Gromov-Witten theory. For k ≥ 0 write
mk =
∑
β∈H2(φ)
mk,β : CF (φ)
⊗k → CF (φ)
where mk,β is the contribution to mk arising from holomorphic disks of class β ∈
H2(φ). The divisor equation for a codimension one cycle y reads
(68)
k+1∑
i=1
mk+1,β(x1, . . . , xi−1, y, xi, . . . , xk) = 〈[y], [∂β]〉mk,β(x1, . . . , xk)
see [18, Proposition 6.3]. In particular, the divisor equation implies that for x a
degree one cocycle in φ(L)
(69)
∑
k≥0
mk(x, . . . , x) =
∑
k≥0
∑
β∈H2(φ)
〈x, [∂β]〉k
k!
m0,β(1).
The right hand side of (69) is the contribution of m0(1) with local system y shifted
by exp(x) ∈ Hom(H1(φ(L),Z),Λ×) ∼= R(φ). In this sense, variations of the weakly
bounding cochain b ∈ MC(φ) should be equivalent to variations of the local sys-
tem y ∈ R(φ). In general the truth of the divisor equation typically requires
construction of regularized moduli spacesM(φ,D) of holomorphic disks equipped
with forgetful maps, which is rather difficult in the cellular setting.
We prove the following related identity for contributions to the composition
maps with repeated cellular inputs. First we introduce a restricted space of per-
turbations which makes all configurations without constant disks regular. Given
a configuration C = S ∪ T containing a disk Sv ⊂ S with no interior nodes, let
Sv∩T = {w1, . . . , wk}. Consider a sequence of cellular inputs σ consisting of some
distinct σ1, . . . , σk possibly occurring with repetitions.
Definition 4.7. A perturbation system P redΓ = (J
red
Γ , H
red
Γ ,M
red
Γ ) is reduced for
a codimension one cell σ if whenever σe1 = σe2 = σ we have M
red
Γ (·, we1) =
M redΓ (·, we2) unbranched and HredΓ vanishes in a neighborhood of σ.
Associated to the reduced perturbations are moduli spaces of adapted treed
disks, not necessarily regular. The regularity possibly fails because perturbations
of the matching conditions MΓ are required to make constant disks in U with
multiple inputs σ regular. On the other hand, Hamiltonian perturbations HΓ
which are non-zero only in a small neighborhood of the self-intersections Isi(φ),
together with perturbations JΓ of the almost complex structure, suffice to make any
non-constant disk u : S → X or any constant disk mapping to the self-intersections
Isi(φ) regular.
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Definition 4.8. An element u0 ∈ MredΓ (φ, σ0) is reduced for an a cell σ if the
domain S0 of u0 contains no constant disks Sv, du0|Sv = 0 meeting more than one
leaf Te labelled by σ.
Lemma 4.9. For each type Γ0, the moduli space of reduced configurationsMredΓ0 (φ, σ0)
is transversally cut out for a comeager set of regular reduced perturbations P redΓ0
agreeing with given perturbations on the boundary.
Proof. The reduced matching conditions M redΓ are sufficient to make any non-
constant disk u|Sv : Sv → X regular (by varying the domain-dependent almost
complex structure JΓ) any constant disk mapping to a self-intersection point x ∈
Isi(φ) regular (by varying the Hamiltonian perturbation HΓ) and any constant
disk mapping to an intersection of cells with no repeated codimension one labels
σ regular, by varying the matching conditions M redΓ . 
Thus for generic reduced perturbations the moduli spacesMredΓ (φ,D) are transver-
sally cut out unless one of the constant disks Sv has a repeated codimension one
label σ on its leaves Te, e ∈ Edge→, (Γ). Let P be a perturbation datum obtained
from P red by perturbing the matching conditions MΓ only. We obtain a map
M(φ,D, P )0 →Mred(φ,D, P red)0
as follows: Let P ν , ν ∈ [0, 1] be path from P to a reduced perturbation datum P red.
By Gromov compactness, any path (Cν , uν : Sν → X) of elements ofM(φ,D, P ν)0
converges, after passing to a subsequence, to an element (C0, u0 : S0 → X) in
M(φ,D, P red). By removing repeating inputs on the constant disks and stabi-
lizing, we obtain an element (Cst0 , u
st
0 : S
st
0 → X) ∈ Mred(φ,D, P red), necessarily
transversally cut out and of negative expected dimension unless the only inputs on
the constant disks Sv,0 are repeated codimension one cycles. Since moduli spaces
of reduced configurations of negative expected dimension are empty, this implies
that the constant disks u|Sv : Sv → X, d(u|Sv) = 0 have only repeated codimen-
sion one cycles as inputs and (Cst0 , u
st
0 : S
st
0 → X) lies in the rigid moduli space
Mred(φ,D, P red)0. In particular, since (Cst0 , ust0 : Sst0 → X) is isolated and uν con-
verges to ust0 in the complement of a finite set, u0 is independent of the choice of
subsequence.
For perturbations satisfying a symmetry condition the moduli spaces of config-
urations with a repeated input are related to those by removing the repetitions in
a simple way.
Definition 4.10. The matching condition MΓ is permutation-invariant for σ if
on any configuration C with a disk Sv with no interior nodes we ∈ int(Sv) and
meeting more than one leaf, the matching condition satisfies the condition that
whenever we1 , we2 have label σe1 = σe2 = σ then we have MΓ(·, we1) = MΓ(·, we2).
Lemma 4.11. There exists a comeager subsets of regular permutation-invariant
perturbations such that the reduced moduli spaces have the coherence properties
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in Definition 3.11. For regular permutation-invariant perturbations P sufficiently
close to a generic reduced perturbation P red the map u 7→ ust0 defines a map
(70) Md(φ, σ)→
⋃
k≥0
Mredd−k(σ−k)
where σ−k is obtained by removing k repeated entries of degree one from σ lying
in U . The map (70) has the property that the sum of the weights over any fiber
is equal to the weight of the image times
∏l
i=1(ri!)
−1 where ri is the number of
repetitions in the i-th group.
Proof. A permutation invariant matching condition MΓ may be obtained from an
unbranched matching condition M◦Γ by averaging over permutations of the nodes
we connecting to semi-infinite edges Te. Since the number of permutations if finite,
the set of unbranched conditions that are regular for all permutations is comea-
ger, and so the average MΓ is regular. Let M
ν
Γ be a sequence of such regular
perturbations converging to a reduced matching condition M redΓ . By assumption
the reduced perturbations M redΓ are chosen so that after removing the constant
disks, the resulting contributions (C0, u0 : S0 → X) are transverse to each cell σe
at the corresponding node we ∈ S0. We assume for simplicity that there is a single
group of r repetitions of a cell σe. Given perturbations MΓ,i(σe) of the codimen-
sion one cell σe, the disk u0 meets the perturbations at some collection of points
we,1, . . . , we,l on the boundary of S0, not necessarily in cyclic order. Assuming the
perturbations MΓ are invariant under permutations of the points on the constant
disks, of the r! possible orderings of the perturbations MΓ,i(σ) of σ induced by the
matching conditions MΓ exactly one ordering is achieved by a sequence of points
w1, . . . , wk in cyclic order around the boundary of S. It follows that weight of any
point in the fiber is (r!)−1 times the weight of the image configuration. 
We will need a similar “repeating input” type formula for disks with repeating
alternating inputs at the self-intersection points in the case of Lagrangians of
dimension two. In this case dim(L0) = 2, there are additional constant disks
u|Sv : Sv → {φ(x)} ⊂ X of expected dimension zero with corners alternating
σ1 = x, σ2 = x, σ3 = x, σ4 = x, . . . ∈ Isi(φ) and σ± ∈ Ic(φ) the top-dimensional
cell containing x+ resp. x−. In the case dim(L0) > 2, such configurations cannot
be rigid for index reasons. Unfortunately the unperturbed relevant moduli space is
not of expected dimension, since any 2d+ 1-marked constant disk mapping to the
self-intersection point φ(x) is pseudoholomorphic, and the moduli space of such
maps is dimension 2d−2, not the expected dimension zero. A perturbation system
for such disks is, as we explain below, equivalent to a choice of branched vector
field. For a natural choice of such branched vector field, the number of zeroes is
1/d.
Definition 4.12. Let φ : L→ X be an immersed Lagrangian brane of dimension
dim(L) = 2 and x ∈ Isi(φ) a self-intersection point contained in a pair of cells σ±
IMMERSED FLOER COHOMOLOGY AND LAGRANGIAN SURGERY 49
of top-dimension. The immersed Fukaya algebra CF (φ) is rotation-invariant at x
if and only if
m2d(x, x, x, . . . , x) ∈ (σ+ − σ−)/d+ val−1q (0,∞).
Assumption 4.13. If dim(L0) = 2, the perturbations P = (PΓ) have the good
properties in Definition 3.11 such that CF (φ) and are rotation-invariant at the
self-intersection point x ∈ Isi(φ).
The condition in Definition 4.12 is somewhat mysterious, but the following con-
struction may clarify why this particular choice of perturbation is natural. A
choice of Hamiltonian perturbation near a constant map amounts to a choice of
domain-dependent Tφ(x)X-valued (0, 1)-form H
0,1
Γ . We wish to choose a family so
that solution set to ∂JΓ,HΓξ = ∂ξ−H0,1Γ (x) = 0 is cut out transversally; here HΓ(x)
is the Hamiltonian vector field-valued one form evaluated at x and H0,1Γ (x) the pro-
jection on the space of 0, 1-forms. Since the kernels ker(Du) are trivial, the space
coker(Du) is constant forms the trivial bundle over the moduli space of constant
maps, isomorphic to the moduli space R2d+1 of 2d+1-marked disks. Thus we may
identify the obstruction bundle with the tangent bundle TR2d+1 ∼= R2d+1×R2d−2.
There exist a canonical family of branched sections of the tangent bundle, cor-
responding to fixing a parametrization of the disk. Choose a pair of markings
w2e+1, w2e+2 and identify
R2d+1 ∼= {w1 < . . . < w2e < 0 < 1 < w2e+3, . . . < w2d+1}
by mapping w2e+1 to 0 and w2e+2 to 1. The tangent bundle TR2d+1 in this chart
is canonically trivialized TR2d+1 ∼= R2d+1 × R2d−2. Define
(71) se : R2d+1 → TR2d+1, (w1, . . . , w2e, w2e+3, . . . , w2d+1)
7→ − ln(−w1), ln(w2 − w1), . . . , ln((w2e+3 − 1)− w2e),
ln(w2e+4 − w2e+3), . . . , ln(w2d+1)− w2d).
The projection of the image of the section se onto R2d−2 is the set of tuples
(θ1, . . . , θ2e, θ2e+1, . . . , θ2d−1) such that
−e−θ1 + eθ2 + . . .+ eθ2e < 0,−e−θ1 + eθ2 + . . .+ eθ2e + eθ2e+1 > 0.
Thus, given an element θ = (θ1, . . . , θ2d−1) there will be exactly one value of
e ∈ 1, . . . , d so that s−1e (θ) is non-empty. Let HΓ,e = se − θ be the section above
and HΓ =
∑d
e=1(HΓ,e/d). Then for generic θ exactly one of the sections above has
a solution. The weighted count of elements of constant elements u ∈MΓ(σ)0 with
Γ a tree with 2d leaves and a single vertex is
(72)
l∑
e=1
∑
u∈MΓ(σ;HΓ,e)0
de =
1
d
.
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On the other hand, any configuration contributing to m2d(x, x, x, . . . , x) with
more than one disk and q-valuation 0 must consist of at least two constant disks
u|Sv1 , u|Sv2 with some combination of x, x as leaves which are either connected by
an edge; or, both Sv1 and Sv2 are connected to a third constant disk u|Sv3 by edges
e1, e2. A generic perturbation of these matching conditions for these edges gives
an empty moduli space, since the both of the first two disks Sv1 , Sv2 map to points
and the condition that two points match is generically empty. Thus the leading
order term in m2d(x, x, x, x, . . . , x) is (σ+− σ−)/d. Presumably a more convincing
explanation would use intersection theory on the moduli space of open Riemann
surfaces as developed by Pandharipande, Solomon, and Tessler in [51], in which
the above invariant would be a boundary Hodge integral.
5. Holomorphic disks bounding the handle
In this section we review some results of Fukaya-Oh-Ohta-Ono [32, Chapter 10]
on the moduli spaces of holomorphic disks with boundary in the local model. The
proof here is simplified using an observation of Seidel from [60] relating Lagrangian
surgery with Lefschetz fibrations.
5.1. Holomorphic disks asymptotic to Reeb chords. Pseudoholomorphic
maps to a symplectic manifold with cylindrical ends and boundary in Lagrangians
were studied by Bourgeois-Eliashberg-Hofer-Wysocki-Zehnder [13] in the context
of symplectic field theory.
Definition 5.1. (Reeb chords) Let Z be a compact manifold of dimension 2n− 1
equipped with a closed two-form ωZ ∈ Ω2(Z) of maximal rank. The null-space
ker(ωZ) ⊂ TZ is necessarily non-trivial, and we assume ker(ωZ) is generated by a
circle action S1 × Z → Z. The quotient Y = Z/S1 then naturally a symplectic
manifold with two-form ωY descended from ωZ . Let α ∈ Ω1(Z)S1 be a connection
one-form, equal to one on the generating vector field ∂θ ∈ Vect(Z) for the action.
For each y ∈ Y , let Zy denote the fiber over Z. A map to a fiber
γ : S1 → Z, α
(
d
dt
γ(t)
)
∈ Z, ∀t ∈ S1
is called a Reeb orbit. Suppose thatG ⊂ Z is a (possibly disconnected) submanifold
of dimension n− 1 such that the two form ωZ and one-form α vanish on G. Paths
γ : [0, 1]→ Zy with
α
(
d
dt
γ(t)
)
∈ Z, γ(k) ∈ G, k ∈ {0, 1}
are called Reeb chords. This ends the definition.
Pseudoholomorphic maps asymptotic to Reeb orbits or chords form a well-
behaved moduli space.
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Definition 5.2. (Holomorphic maps asymptotic to Reeb chords) Let Z be as in
the previous definition, and U = R × Z be the cylinder on U . Suppose that an
almost complex structure JY on Y = Z/S
1 is given. A cylindrical almost complex
structure on U is an invariant almost complex structure J : TU → TU that is
invariant under the C× ∼= R × S1-action on R × Z given by translation on the
first factor and the projection R× Z → Y is almost complex for the given almost
complex structure JY on Y . More generally, an almost complex manifold X has a
cylindrical end modelled on Z if there exists an embedding
κX : R>0 × Z → X
such that the image of κX has compact complement. Let φ : L → X be a
immersion which is of cylindrical form near infinity in the sense that for some
LZ ⊂ Z we have
(κX)−1(φ(L)) ∼= R>0 × LZ .
A cylindrical end almost complex structure is an almost complex structure J :
TX → TX for which the pull-back J |R>0×Z to R>0×Z is of cylindrical form, that
is, the restriction of a cylindrical almost complex structure JR×Z on R×Z. Let S
be a holomorphic curve with boundary ∂S and cylindrical and strip-like ends
κe, : R× S1 → S e = 1, . . . , n
κe, : R× [0, 1]→ S e = 1, . . . , n .
A map from S to X with boundary in φ is a pair u : S → X, ∂u : ∂S → L where
∂u lifts u on the boundary. In particular
u(∂S) = φ((∂u)(∂S)) ⊂ φ(L).
A map u : S → X is asymptotic to a Reeb chord γ on an end of S if there exist
s0 ∈ R and a multiplicity µ ∈ Z+ such that in cylindrical coordinates (s, t) on the
end the distance in the cylindrical metric dcyl on R× Z
(73) dcyl(u(s, t), (s0 + µs, γ(t))) < Ce
−θs
for some constant θ > 0 (related to the minimum angle of intersection between
the Lagrangians) and s0 ∈ R. The definition of an end asymptotic to a Reeb orbit
is similar. This ends the definition.
In order to obtain a well-behaved moduli space recall the notion of Hofer energy.
Our case is a special case of a more general definition for stable Hamiltonian
structures in [13]. For simplicity consider holomorphic maps to U = R × Z,
where Z is equipped with closed two-form ωZ ∈ Ω2(Z) with fibrating null-foliation
ker(ωZ) ⊂ TZ and connection form α ∈ Ω1(Z). Let J : TU → TU be a cylindrical
almost complex structure. The horizontal energy of a holomorphic map
u = (ψ, v) : (S, j)→ (R× Z, J)
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is ([13, 5.3])
Eh(u) =
∫
S
v∗ωZ .
The vertical energy is ([13, 5.3])
(74) Ev(u) = sup
ζ
∫
S
(ζ ◦ ψ)dψ ∧ v∗α
where the supremum is taken over the set of all non-negative C∞ functions
ζ : R→ R,
∫
R
ζ(s)ds = 1
with compact support. The Hofer energy is ([13, 5.3]) is the sum
E(u) = Eh(u) + Ev(u).
Let X◦ be a symplectic manifold with cylindrical end modelled on R>0 × Z. The
vertical energy Ev(u) on the end is defined as before in (74). The Hofer energy
E(u) of a map u : S◦ → X◦ from a surface S◦ with cylindrical ends to X◦ is
defined by dividing X◦ into a compact piece Xcom and a cylindrical end R>0 ×Z,
and defining
EH(u) = EH(u|Xcom) + E(u|R≥0×Z)
where EH(u) is the Hamiltonian-perturbed energy from (43).
The condition that a pseudoholomorphic map has finite Hofer energy implies
asymptotic convergence to Reeb chords at infinity.
Lemma 5.3. Suppose that u : S → X has Lagrangian boundary condition φ : L→
X and finite Hofer energy. Then for each strip-like end e ∈ E(S), there exists a
Reeb chord γe such that u converges exponentially fast to γe in the sense of (73).
Proof. The proof is a combination of exponential convergence for horizontal and
vertical parts, where the vertical part is defined using a carefully-chosen trivial-
ization of the bundle at infinity. The horizontal exponential convergence is the
standard exponential convergence of pseudoholomorphic curves with finite energy.
Given u : S → X let uc denote its restriction to the cylindrical part
uc = u|Sc , Sc := u−1(R>0 × Z)
and pi ◦ uc the composition with projection pi to Y . Since pi ◦ uc is finite energy,
pi ◦ uc(z) converges exponentially in the strip-like coordinate s to some limit point
y ∈ Y as s converges to infinity. Now consider the pull-back of the C×-bundle
P c := (uc)∗(R× Z → Y ), (uc)∗α ∈ Ω1(P c)
to Sc and the connection (uc)∗α on P c induced from pull-back. Consider a strip-
like end e ∈ E(S) with coordinates (s, t) ∈ R>0×[0, 1] inside Sc. Fix a trivialization
of the bundle pi : R× Z → Y in a neighborhood U of y, given by a map
τ : pi−1(U)→ U × R× S1.
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By shifting coordinates on the strip-like end, we may assume that u(R>0× [0, 1]) ⊂
pi−1(U). The trivialization τ gives rise to a connection one-form αU ∈ Ω1(U)
defined by
τ ∗α = pi∗αU + (piR×S1 ◦ τ)∗αV
where pi, piR×S1 are the projections on the factors and αV ∈ Ω1(R×S1)S1 is the pull-
back of the standard one-form on S1 with unit integral. The pullback (pi◦uc)∗αU ∈
Ω1(R>0 × [0, 1]) converges uniformly to zero in all derivatives in the strip-like
coordinates (s, t) as s→∞.
In order to extract a vertical map, we construct a complex gauge transformation
to the trivial bundle-with-connection. Such a transformation is given by an element
ge : R>0 × [0, 1]→ C× with
(75) g−1e ∂ge = (piu
c)∗αU .
There exists a solution ge that converges uniformly in all derivatives to the identity
as s→∞, and that vanishes on the boundary R>0×[0, 1]. Indeed the linearization
of the problem (75) is
Ω0(R>0 × [0, 1],C) 3 ξe 7→ ∂ξe = (piuc)∗αU .
After multiplying by a cutoff function we may assume that αU extends to a small
(0, 1)-form on the strip R × [0, 1] with exponential decay as s → ∞ and vanish-
ing in a neighborhood of s = −∞. The trivial Cauchy-Riemann operator is an
isomorphism as a map
∂ : Ω0(R× [0, 1],R× {0, 1};C)1,p,λ → Ω0,1(R× [0, 1],C)0,p,λ.
The claim follows by the inverse function theorem for Banach spaces.
In the trivialization obtained by complex gauge transformation, the almost com-
plex structure on the complexified bundle splits as the almost complex structure
on the base times the almost complex structure on the fiber. That is, uc is the
product of the map piuc to the base and a map ve : R × [0, 1] → C× in the fiber
taking values in the fibers of the Lagrangians R× (Lk ∩ Zy). Since Lk ∩ Zy is by
assumption finite, we may assume that the phases of the branches L0, L1 of the
Lagrangians on the boundary at infinity are given by
(76) R× (L0 ∩ Zy) ∼= R, R× (L1 ∩ Zy) ∼= eiθR
for some θ ∈ (0, pi). Since the map u is assumed to have finite Hofer energy EH(u),
the map ve also has finite Hofer energy EH(ve). Taking logarithms we see that ve
lifts to a biholomorphism
v˜e : R× [0, 1]→ R× [0, 2pin+ θ].
This ve must be of the form
(77) ve(s, t) = exp(±(2pin+ θ)(s+ s0 + it))
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for some s0 and n ∈ Z. Equation (77) implies the desired convergence to the Reeb
chord γe. Since piu
c converge exponentially fast to the identity, the complex gauge
transformation ge converges exponentially fast to the identity as well. So the map
u also has exponential convergence to the Reeb chord γe. 
Proposition 5.4. For any type Γ, the space MΓ(φ) of holomorphic maps of type
Γ is locally cut out by a Fredholm map of Banach spaces.
Proof. A Sobolev space of maps with cylindrical ends is defined by choosing a
Sobolev decay constant. Choose λ ∈ (0, 1) smaller than the angles θ discussed in
(76); this constant governs the exponential decay of pseudoholomorphic maps to
Reeb chords. Choose a cutoff function
(78) β ∈ C∞(R, [0, 1]),
{
β(s) = 0 s ≤ 0
β(s) = 1 s ≥ 1 .
Define a Sobolev weight function
(79) κλ : S → [0,∞), (s, t) 7→ β(s)pλs
where β(s)pλ is by definition zero on the complement of the neck region. Let
Ω0(S, u∗TX)1,p,λ denote the space of sections with finite norm defined for sections
ξ : S → u∗TX with limits ξ(e) at infinity
(80) ‖ξ‖p1,p,λ :=
∑
e
‖(ξ(e))‖p +
∫
Sδ
(‖∇ξ‖p
+ ‖ξ −
∑
e
β(| ln(δ)|/2− |s|)T u(ξ(e))‖p) exp(κδλ)d VolSδ
where T u is parallel transport from u(∞, t) to u(s, t) along u(s′, t). Let Map(S,X)1,p,λ
the space of maps u : S → X equal to expu0(ξ) for some u0 : S → X constant
near infinity on each strip like ends by an element of the weighted Sobolev space
ξ ∈ Ω0(S, u∗0TX)1,p,λ. Similarly define
κδλ : S
δ → [0,∞), (s, t) 7→ β(| ln(δ)|/2− |s|)pλ(| ln(δ)|/2− |s|)
where β(|s|−| ln(δ)|/2)pλ(|s|−| ln(δ)|/2)) is by definition zero on the complement
of the neck region. Let Ω0,1(S, u∗TX)0,p,λ denote the space of (0, 1)-forms with
finite norm
‖η‖0,p,λ =
(∫
S◦
‖η‖p exp(κδλ)d VolS◦
)1/p
.
Define B = Map(S,X,L)1,p,λ and E = ∪u∈BEu the vector bundle with fiber Eu =
Ω0,1(S, u∗TX)0,p,λ. As usual we obtain a Cauchy-Riemann operator
F : B → E , u 7→ ∂J,Hu
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whose zeros cut out the moduli space MΓ(φ) locally. The linearization of this
operator is given by a map
Du : Ω
0(S, u∗TX, (∂u)∗TL)1,p,λ → Ω0,1(S, u∗TX)0,p,λ
described in the closed case in [46, Chapter 3]. The operator Du is Fredholm
by standard results on elliptic operators on cylindrical end manifolds in Lockart-
McOwen [45], see for example Schma¨shke [56, Section 5]. 
We introduce notations for various subsets of the moduli space. Evaluation at
the ends defines a map
(81) ev∞ :MΓ(φ)→ Zn
assigning to each map the beginning points γe(0) ∈ Z of the limiting Reeb chords
γe at infinity. Let γ be a collection of Reeb chords and orbits
γe : [0, 1]→ Z, γ({0, 1}) ⊂ φ(L) e ∈ E (S) ∪ E (S)
for the ends of S. For any combinatorial type Γ and collection of orbits and chords
γ letMΓ(φ, γ) denote the space of pseudoholomorphic maps u : S → X limiting to
the given Reeb chord or orbits γ. Associated to any disk u : D → X asymptotic to
Reeb chords γe, e ∈ E(S) is a Maslov index introduced in [32, Chapter 10,Definition
60.22], obtained by concatenating the path of Lagrangian subspaces around the
boundary with the family of totally real subspaces Ft ⊂ Tγ(t)U along the Reeb
chord γ, and we denote M(φ, γ)d the locus of expected dimension d.
5.2. Holomorphic disks passing through the handle. In this section we spe-
cialize to the case of maps to a complex vector space with boundary condition
given by the handle Lagrangian. Let MΓ(φ) denote the space of holomorphic
maps u : S → X = Cn with boundary in φ : H → X of some combinatorial type
Γ. The target X = Cn is naturally a cylindrical-end manifold with cylindrical
end modelled on a cylinder R × Z on the unit sphere defined using coordinates
qj + ipj, j = 1, . . . , n on Cn by
Z = {q21 + p21 + . . .+ q2n + p2n = 1}.
The Reeb flow on Z is periodic with period one and the quotient Z/S1 is a complex
projective space
Y = Z/S1 ∼= CP n−1.
The handle Lagrangian H defines a Lagrangian in the projective space CP n,
whose intersection with the divisor at infinity is RP n−1. Introduce cylindrical end
coordinates for the complex vector space Cn, by letting Z = S2n−1 and
R× Z → Cn, (s, z) 7→ esz.
Consider the case that Γ is a disk S attached to single edge T at a node w ∈ S. Let
γe be a Reeb chord through 0 6= (a1, . . . , an) ∈ Rn from Rn to iRn (or vice versa).
A holomorphic map u : S → Cn decays exponentially to γe multiplicity m ∈ Z/2
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if in local coordinates (s, t) near a point w = (1, 0) ∈ ∂B for some constants c0, c1
we have ∣∣u(s, t)− (e(mpi/2)(s−s0+it))(a1, . . . , an)∣∣ ≤ c0e−c1s
for sufficiently large s > 0. The following result is a modification of Fukaya-Oh-
Ohta-Ono [32, Theorem 60.26].
Lemma 5.5. Let Γ be a type of disk S with a single strip-like end e ∈ E(S) so
that MΓ(φ) are moduli spaces of maps to Cn with boundary on H and limiting
to a single Reeb chord γe at infinity.
(a) (Right-way corners) For  < 0 the maps u : (B, ∂B)→ (Cn, H) in MΓ(φ)
are regular and evaluation at infinity (81) defines an diffeomorphism
MΓ(φ) ∼= Sn−1.
(b) (Wrong-way corners) For  > 0 the maps u : (B, ∂B)→ (Cn, H) inMΓ(φ)
are regular and evaluation at infinity (81) defines on MΓ(φ) the structure
of an Sn−2 bundle over Sn−1 given by the unit sphere bundle in TSn−1.
(c) (Wrong-way corners with line constraints) For  > 0 let Γ′ be a combina-
torial type of map with one leaf on the boundary and one strip-like end,
and
ev1∞× ev2∞ :MΓ′(φ)→ H × (H ∩ Sn−1)
the evaluation map for leaf resp. end. Any given fiber ev−12 ([a]) has fiber
product with a generic line R× {c} ⊂ R× Sn−1 ∼= Hˇ
ev−12 ([a])×(ev1,ι) (R× {c}) = pt
given by a single transverse point.
Proof. We adopt a proof similar to Seidel’s computation in [60], which studied
a boundary value problem for sections of a Lefschetz fibration with Lagrangian
boundary condition obtained by parallel transport of the vanishing cycle around
a circle, rather than a line considered here. The basic observation of [60, Lemma
2.16] is that the given Lagrangian boundary condition is contained in a problem
with split boundary condition. Let u : S → X = Cn be a map with boundary in
H. The composition pi ◦ u of u with the Lefschetz fibration pi : Cn → C of (14)
produces a map pi ◦ u from H to C with boundary condition (pi ◦ u)(∂S) ⊂ R+ i.
The map pi ◦u must be an isomorphism from H to H+ i since its degree along the
boundary ∂H∪{∞} is one. After composing on the right with the shift z 7→ z+ i
and an automorphism of H, the map u becomes a section of the Lefschetz fibration:
pi ◦ u(z) = z, ∀z ∈ H+ i.
Thus the components uj, j = 1, . . . , n of the map
u : (H, ∂H)→ (Cn, H)
IMMERSED FLOER COHOMOLOGY AND LAGRANGIAN SURGERY 57
satisfy equations
uj(z + i) ∈ (z + i)1/2R, z ∈ R.
The components uj are therefore solutions to a rank one boundary value problem
of index zero resp. one in the case  > 0 resp.  < 0. Each component uj of u
must be of the form for z ∈ H+ i
(82) uj(z − i) =
{
ajz
1/2  > 0
(aj(z − i) + bj)(z − 2i)−1/2  < 0
for some aj ∈ R>0 resp. aj ∈ R>0, bj ∈ R. Indeed one can check explicitly that
each such u is a solution to the given boundary value problem: In the first case
 > 0 the map obviously has the required boundary values while in the second case
we have taking z = x+ i, x ∈ R
uj(x)(x+ i)
−1/2 = (ajx+ bj)(x+ i)−1/2(x− i)−1/2 = (ajx+ bj)(x2 + 2)−1/2 ∈ R.
Rank one Cauchy-Riemann operators on the disk are always regular [49, Section
5]. It follows that (82) are all the solutions. Solving for the condition piu(z) = z
that u(z) is a section of the Lefschetz fibration we obtain
(83)
{
a2 = 1  > 0
a2 = 1, a · b = 0, b2 = 2  < 0.
Indeed if  < 0 then
piu(z) = z ⇐⇒ (a(z − i) + b)2 = (z − 2i)z(84)
⇐⇒
 a2 = 12a · b− 2a2i = −2i
−2a2 − 2ia · b+ b2 = 0
 .(85)
The equations (85) are equivalent to the equations
a2 = 1, a · b = 0, b2 = 2.
A similar computation shows that the linearization has kernel given as follows. In
first case, the kernel at a is the set of solutions a′ to a′a = 0, and so has dimension
n− 1. In the second, the kernel of the linearization at (a, b) is the set of solutions
(a′, b′) to
a′ · a = 0, a′ · b+ a · b′ = 0, b · b′ = 0
and so dimension 2n− 3.
An index computation implies that the cokernel is trivial. Indeed the boundary
value problem fits into an exact sequence of boundary problems
(86) 0→ (kerDpi, TH)→ (Cn,
√
zRn)→ (C, zR)→ 0.
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Taking the associated linearized Cauchy-Riemann operators one obtains a six-term
long exact sequence with the three kernels and three cokernels of the linearized
operators. This sequence implies the equality of indices
Ind(D(kerDpi,TH))− Ind(D(Cn,√zRn)) + Ind(D(C,zR)) = 0.
The Cauchy-Riemann operator for the middle term has index n in the case  < 0,
and 2n if  > 0.6 The last term is index 1 in the first case  < 0, and 3 in the
second  > 0. It follows that the index of the first term is n − 1 in the first case,
and 2n − 3 in the second. This implies that the moduli spaces are transversally
cut out by the equations (83), which give a sphere of dimension n− 1 in the first
case, and fibration in the second case with spherical fibers of dimension n− 2.
It remains to prove the claim (c) on the intersection with a generic line on the
handle. Given c ∈ Sn−1 and a ∈ Sn−1 such that c 6= a,−a, there exist unique
x ∈ R and b ∈ Sn−1 with a · b = 0 such that
u(x+ i)
|u(x+ i)| =
ax+ b
((ax)2 + b2)1/2
= c.
Indeed the images u(x+ i) as x, b vary sweep out the complement of the two poles
a,−a in Sn−1. The claim follows. 
The moduli space of maps with boundary in the asymptotically cylindrical La-
grangian is diffeomorphic to to that of maps with boundary in its cylindrical
-near-infinity perturbation by an implicit function theorem argument.
Proposition 5.6. Let Γ be a type of disk with a single strip-like end, so that
MΓ(φ) is a moduli space of maps to Cn with boundary on H and a single Reeb
chord at infinity. For sufficiently large ζ in (10) there exists a diffeomorphism
MΓ(φ)→MΓ(φˇ), where φˇ : Hˇ → Cn is the flattened embedding.
Proof. Choose a diffeomorphism mapping one Lagrangian boundary condition to
the other as follows. Let β ∈ C∞c (Rn) be a bump function equal to 1 in a neigh-
borhood of 0. Let ψ : Rn → Rn denote the Hamiltonian flow of
g + ι∗g, g(q, p) = (f(q)− fˇ(q))β(p).
Then ψ is a symplectomorphism mapping H to Hˇ outside a compact set, with
norm converging to zero in all derivatives as ζ →∞, where ζ is the parameter in
the definition of fˇ in (11). The pullback of J0-holomorphic maps under ψ satisfy
the Cauchy-Riemann equation for the pulled-back almost complex structure ψ∗J0.
The pull-back ψ∗J0 converges to J0 as ζ →∞.
6One way to see this is to note that the operator D(C,√zR) is the linearization of the Cauchy-
Riemann operator at the identity map on Re(z2) ≥ , which is index two since a disk with a
single marking on the boundary has a two-parameter family of deformations.
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The diffeomorphism between moduli spaces now follows from an implicit func-
tion theorem argument. Let Ω0(R× [0, 1],Cn)1,p,λ and Ω0,1(R× [0, 1],Cn)0,p,λ de-
note the Sobolev spaces with decay constant λ > 0 from (79) and p > 2, and for
λ′ ∈ (λ, 1) let
J (Cn)λ ⊂ Map(Cn,End(Cn))
denote the space of C1 tamed almost complex structures J whose difference ‖J(s, z)−
J∞(s, z)‖ from the standard complex structure J∞ decays faster than C exp(−λ′s)
in coordinates (s, z) for some constant C > 0 on the cylindrical end R>0 × Sn−1.
The space Jτ (Cn)λ is a Banach manifold: A chart for Jτ (Cn)λ near an element J
is obtained by exponentiating the space of C l sections of End(Cn) differing from
J∞ by a section δJ with the weighted norm
‖δJ‖λ′ = sup |δJ(s, x)|esλ′ .
The Cauchy-Riemann operator defines a Fredholm map
(87) Ω0(R× [0, 1],Cn)1,p,λ × J (Cn)λ′ → Ω0,1(R× [0, 1],Cn)0,p,λ × J (Cn)λ′
(u, J) 7→ (∂Ju, J)
by Lockart-McOwen [45, Theorem 1.3]. We have |J − ψ∗J | < C exp(−pis/2) for
exp(pis/2) ≥ ||1/2ζ and vanishes otherwise. So for any solution ξ to ∂J expu(ξ) = 0
‖∂ψ∗J expu ξ‖0,p,λ ≤ C‖ξ‖1,p,λ sup |(J − ψ∗J)| exp(λ ln(2||1/2ζ/pi))
≤ C‖ξ‖1,p,λ(2||1/2ζ/pi)λ−1.
This implies that for ζ sufficiently large, there exists a unique solution δξ ∈ Ω0(R×
[0, 1], u∗TX)1,p,λ to ∂ψ∗J expu(ξ + δξ) = 0 for ξ small. The map u 7→ expu ξ varies
smoothly in ξ and produces the desired diffeomorphism. 
The areas of the disks on the handle and on the self-transverse Lagrangian are
related by the area correction in Definition 2.1 and indicated (conceptually; the
graph does not exactly match the definition) in Figure 2.
Lemma 5.7. Suppose that u0, u : S → X are maps with boundary in φ0 resp. φ
that are equal except in a neighborhood of a self-intersection point x ∈ Isi(φ0) as
in Figure 2. Then
A(u) = A(u0) + (κ− κ)A()
where κ ∈ Z≥0 resp. κ ∈ Z≥0 is the number of times u0 passes through x resp. x.
Proof. This is a straight-forward computation using Stokes’ theorem. The sym-
plectic form ω0 on Cn is exact with bounding cochain
α0 =
n∑
j=1
1
2
(qjdpj − pjdqj), dα0 = ω0.
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By Stokes’ theorem, for any oriented surface with boundary S and smooth map
u : S → X the area is the action :∫
S
u∗ω0 =
∫
∂S
(u|∂S)∗α0.
The restriction of α0 to the Lagrangian branches Rn, iRn vanishes. Thus the area
(88) A() =
∫
S
v∗ω =
∫
[−T,T ]
γ∗α0 − γ∗0α0
is the difference in actions between paths
γ0 : [−T, T ] → φ0(L0)
γ : [−T, T ] → φ(L)
travelling from the negative to positive branches of φ0(L0), equal to φ(L) outside
a small neighborhood of 0, and v is the small triangle with boundary γ ∪ γ0
depicted in Figure 2. 
Combining Lemma 5.5 and Proposition 5.6 we obtain a description of the moduli
spaces with boundary on the cylindrical -near-infinity Lagrangians Hˇ.
Proposition 5.8. Let Γ be a type of disk with a single strip-like end, so that
MΓ(φ0) and MΓ(φˇ) are moduli spaces of maps to Cn with boundary on H0 resp.
Hˇ and a single Reeb chord at infinity.
(a) MΓ(φ0) ∼= Sn−1 and the evaluation map at infinity
MΓ(φ0)→ φ0(H0) ∩ S2n−1 ∼= Sn−1
is a diffeomorphism;
(b) For  < 0, the evaluation map at infinity
MΓ(φˇ)→ φˇ(Hˇ) ∩ S2n−1 ∼= Sn−1
is a diffeomorphism; furthermore, any element ofMΓ(φˇ) meets any merid-
ian in Hˇ ∼= Sn−1 × R transversally in a single point.
(c) For  > 0, MΓ(φˇ) ∼= T1Sn−1 is the diffeomorphic to the unit sphere bundle
in TSn−1 and the evaluation map at infinity
(89) MΓ(φˇ)→ φˇ(Hˇ) ∩ S2n−1 ∼= Sn−1
defines a fiber bundle with fiber Sn−2. Furthermore, given a longitude {c}×
R ⊂ Sn−1×R and an element {a} ∈ Sn−1 distinct from ±c there is a unique
element of MΓ(φˇ) evaluating to a at infinity and passing through {c}×R.
In the dimension two case dim(H0) = 2, the orientations of the two points
in any fiber of (89) agree for the trivial relative spin structure.
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Proof. For (a) we may assume that u is asymptotic to the Reeb orbit corresponding
to a = (1, 0, . . . , 0). Then the component u1 : R× [0, 1]→ C is the standard strip
u(s, t) = epi(s+it)/2 with index 2, while the components u2, . . . , un are asymptotic
to 0 at infinity and index 0 and so constant. The claim now follows by combining
Lemma 5.5 and Proposition 5.6. Items (b) and (c) follow from Lemma 5.5 and 5.6
except for the claim on orientations.
To prove the claim on orientations in the dimension two case, we must compare
the contributions from the two points in each fiber of the fibration with fibers
S0 = {1,−1}. The orientations may be compared by deforming the problem to
the standard one by bubbling off a disk containing the critical value of the Lefschetz
fibration. By the computation in [70, Proof of Corollary 4.31] the orientations of
the two different elements in a single fiber agree. 
Remark 5.9. Proposition 5.8 implies that we have a bijection between disks with a
single strip-like end with boundary in H0 and such disks with boundary in H, once
we add a longitudinal constraint u(we) ∈ σ1 in the case of a wrong-way corner.
We choose orientations on the meridians σn−1,± and longitude σ1 so that the map
u±0 → u± given by the bijection in 5.8 is orientation preserving.
We claim that there are no rigid disks with more than one strip-like end and
constraints of the above form. That is, suppose that the only constraints allowed
at boundary points we ∈ ∂S ∩ T are
(90) u(we) ∈ σn−1(Bn−1) ∼= Sn−1
or the line
(91) u(we) ∈ σ1(int(B1)) ∼= (−∞,∞)
in the decomposition Sn−1×R→ H. If the constraints (90) and (91) are the only
constraints we say that the boundary constraints are standard. For a collection σ
of boundary constraints we denote by MΓ(φ, σ)0 the moduli space of rigid treed
holomorphic disks of type Γ with boundary constraints σ.
Proposition 5.10. Let Γ be a type of treed disk, andMΓ(φ0) andMΓ(φ) moduli
spaces of maps to Cn with boundary on H0 resp. H and a single Reeb chord
at infinity. Suppose that all boundary constraints σ1, . . . , σn are standard. For a
generic domain-dependent perturbation JΓ of the almost complex structure so that
the Lefschetz fibration pi : Cn → C is almost complex the moduli spacesMΓ(φ0, σ)0
and MΓ(φ, σ)0 are empty unless the combinatorial type Γ represents a disk with
a single strip-like end, in which case the elements of MΓ(φ0, σ)0 and MΓ(φ, σ)0
are described in Proposition 5.8.
Proof. We treat the case of disks boundH; the case of disks boundingH0 is similar.
We claim there are no other rigid surfaces (C, u : S → X = Cn) with strip-like
ends with boundary in H besides the ones previously described. In particular we
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claim that any rigid disk (S, u;S → X) has a single strip-like end, with constraint
R at a single point on the boundary for  > 0. We wish to choose a stabilizing
divisor D ⊂ X compatible with the Lefschetz fibration structure pi : X → C in
the sense that D is almost complex for some almost complex structure for which
pi is also almost complex. For this purpose we use Bertini’s theorem rather than
Donaldson’s symplectic version [24]. The compactification X = CP n contains
a Lagrangian L obtained as the union of H with the Lagrangian RP n−1 in the
divisor Y = CP n−1 at infinity. For A() rational the Lagrangian L is rational, that
is, [ω] ∈ H2(X,L) is rational. A smooth divisor D ⊂ X disjoint from L exists by
Bertini’s theorem applied to any holomorphic section of a power of the bundleO(k)
for k large, concentrated on the Lagrangian L [17]. The restriction D of D to Cn
is a smooth divisor disjoint from H and asymptotic to DY = D∩ Y at infinity. A
generic domain-dependent perturbation JΓ of the almost complex structure J0 on
the Lefschetz fibration, preserving the map pi, then makes all pseudoholomorphic
maps regular. Similarly the moduli space of maps (C, u : S → X) with a fixed
composition pi ◦ u are regular by standard arguments as long as pi ◦ u is regular,
as in Seidel [60, (2.1)]. Gromov compactness implies that the holomorphic disks
bounding H′ , for 
′ near , also meet D at least once in the interior, and so the
same argument produces domain-dependent perturbations making all holomorphic
disks bounding H′ regular.
The lack of rigidity follows from a long exact sequence argument involving the
Lefschetz fibration. Necessarily any such disk u : S → Cn composes with pi to a
map pi ◦ u : S → P1 with the boundary pi ◦ u(∂S) ⊂ RP 1 ⊂ P1. Define
H•(u∗T vCn) := H•(S, u∗T vCn, (∂u)∗TH)
H•(u∗TCn) := H•(S, u∗TCn, (∂u)∗H)
H•((pi ◦ u)∗TCP 1) := H•(S, (pi ◦ u)∗TCP 1, (pi ◦ ∂u)∗TRP 1).
Consider the long exact sequence
H1(u∗T vCn) . . .
H0(u∗T vCn) H0(u∗TCn) H0((pi ◦ u)∗TCP 1)
-
- -
XXX
XXX
XXX
XXX
XXXy
.
This long exact sequence is induced by the short exact sequence of Banach vector
bundles with fibers as in (86), where H0 denotes the kernel and H1 the cokernel
of the corresponding linearized operators, considered as two-term complexes, and
T vCn, T vH denotes the vertical parts of the tangent spaces TCn, T vH. The
kernel in the sequence H0(S, ∂S;u∗T vCn, (∂u)∗T vH) represents deformations of
the map u preserving the composition pi ◦ u. As before, if u : S → Cn is a
holomorphic map with boundary on H and multiple punctures on the boundary
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then u is regular as a section of the corresponding Lefschetz fibration over its
image in P1. Indeed the boundary value problem splits into a sum of boundary
problems with positive Maslov index. By the long exact sequence, the projection
H0(S, ∂S;u∗TCn, (∂u)∗TH)→ H0(S, ∂S; (piu)∗TP1; (pi∂u)∗TRP1) is a surjection.
Any map pi◦u : S → P1 with boundary in RP1 lifts to a map to C2 with boundary in
(S1)2, the product of unit circles. Thus pi◦u is given by a pair of maps (pi◦u)k, k ∈
{1, 2} to C with boundary in S1. For disk domains S, the deformation space
H0(S, ∂S; (piu)∗TP1; (pi∂u)∗TRP1) is non-trivial for such maps by the Blaschke
classification
(92) pi ◦ u(z) =
[
c1
d1∏
i=1
z − ai,1
1− zai,1 , c2
d2∏
i=1
z − ai,2
1− zai,2
]
for some ck ∈ C×, ai,k ∈ C, dk ∈ Z≥0 ∈ R for each k ∈ {1, 2}, see Cho-Oh [19].
The addition of constraints does not change the argument: The only non-trivial
constraints at boundary points are either the n− 1 cell σn−1 with image Sn−1 (so
that intersection points are preserved under arbitrary deformation) or the 1-cell
σ1 with image under the Lefschetz fibration equal to RP1. In the case of a single
boundary constraint we required to map to σ1 the long exact sequence begins
(93) { ξ : S → u∗T vCn | Duξ = 0, ∂ξ(∂S) ⊆ u∗TH, ξ(we) = 0 }
→ { ξ ∈ S → u∗TCn | Duξ = 0, ∂ξ(∂S) ⊆ u∗TH, ξ(we) ∈ Tσ1(S1) }
→ { ξ ∈ S → piu∗TS | Duξ = 0, ξ(∂S) ⊆ T (∂S) } .
The constrained Cauchy-Riemann operator Du on the left-hand-side is surjective
for a generic choice of almost complex structure JΓ on the Lefschetz fibration
pi : Cn → C that is standard near infinity, by [60, Lemma 2.4]. The claim follows
from the long exact sequence again, since the right-hand term in the short exact
sequence (93) is unconstrained. Thus the boundary value problem on the right
hand side is a one-dimensional problem. Such problems are in the case of disk
domain regular by Oh [49]. In particular, in the case of disk domains the kernel
represents the space of deformations of a Blaschke product (92). 
6. Holomorphic disks and neck-stretching
In symplectic field theory one studies the behavior of holomorphic curves as
the almost complex structure on the target changes in a family corresponding to
neck-stretching. The results in this section are either due to Bourgeois-Eliashberg-
Hofer-Wysocki-Zehnder [13] or represent joint work of the second author with S.
Venugopalan and described in more detail in [69].
6.1. Broken holomorphic disks. Broken disks arise by the following neck-stretching
limit studied by Bourgeois-Eliashberg-Hofer-Wysocki-Zehnder [13] in the context
of symplectic field theory.
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Definition 6.1. (Neck-stretching for almost complex structures on symplectic
manifolds) Let X be a compact symplectic manifold and Z ⊂ X a codimension one
coisotropic submanifold admitting the structure of an S1-null-fibration pi : Z → Y
over a symplectic manifold Y . Let X◦ denote the manifold with boundary obtained
by cutting open X along Z. Let Z ′, Z ′′ denote the resulting copies of Z. For any
τ > 0 let
(94) Xτ = X◦
⋃
Z′′={−τ}×Z,{τ}×Z=Z′
[−τ, τ ]× Z
obtained by gluing together the ends Z ′, Z ′′ of X◦ using a neck [−τ, τ ]×Z of length
2τ . Consider the projections
piR : R× Z → R, piZ : R× Z → Z, piY : R× Z → Y
onto factors resp. onto Y and ker(Dpi) ⊂ TZ the vertical subspace. Let
ωZ = pi
∗ωY ∈ Ω2(Z)
denote the pullback of the symplectic form ωY to Z. Choose a connection one-form
α ∈ Ω1(Z)S1 .
We have complementary vertical resp. horizontal rank resp. corank two sub-
bundles
V = ker(Dpi)⊕ ker(DpiZ) ⊂ T (R× Z)
H = ker(α) ⊂ pi∗ZTZ ⊂ T (R× Z).
The R action by translation on R and U(1) action on Z combine to a smooth
C× ∼= R × U(1) action on R × Z making R × Z into a C×-bundle. An almost
complex structure J on R × Z is called cylindrical if J is C×-invariant, preserves
the tangent spaces to the fibers of piY : R×Z → Y and J is equal to the standard
almost complex structure on any fiber
pi−1Y (y) = R× Zy ∼= R× U(1) ∼= C×.
Any cylindrical almost complex structure J on R× Z induces an almost complex
structure JY on Y by projection so that
DpiY (Jw) = JYDpiYw, w ∈ T (R× Z).
Since J preserves the vertical component ker(DpiY ) this formula defines JYDpiYw
independent of the choice of w. There are isomorphisms of complex vector bundles
(95) T (R× Z) ∼= H ⊕ V, H ∼= pi∗Y TY, V ∼= (R× Z)× C.
The neck-stretched submanifolds of (94) are all diffeomorphic, and the construction
provides a family of almost complex structures Jτ on Xτ . The neck-stretched
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manifold Xτ is diffeomorphic to X by a family of diffeomorphisms given on the
neck region by a map
(96) (−τ, τ)× Z → (−τ0, τ0)× Z
equal to the identity on Z and a translation in a neighborhood of {±τ}×Z. Given
an almost complex structure J on X that is of cylindrical form on (−τ0, τ0) × Z,
we obtain an almost complex structure Jτ on Xτ by using the same cylindrical
almost complex structure on the neck region. Via the diffeomorphism Xτ → X
described in (96), we obtain an almost complex structure on X also denoted Jτ .
This ends the definition.
The compactness part of symplectic field theory describes the limit of pseudo-
holomorphic curves as curves in a broken symplectic manifold as the length of the
neck approaches infinity. The complement of Z in X divides X into regions X⊂
and X⊃, which we consider as symplectic manifolds with cylindrical ends. Sim-
ilarly suppose that φ : L → X is a possibly immersed Lagrangian submanifold
intersecting Z transversally in a submanifold LZ = Z ∩ L. We denote by
L⊂ = φ−1(X⊂), L⊃ = φ−1(X⊃)
the intersections with immersions φ⊂, φ⊃.
In the neck-stretching limit the symplectic field theory compactness produces
a configuration of pseudoholomorphic maps with Lagrangian boundary conditions
called a building.
Definition 6.2. (Holomorphic buildings in broken symplectic manifolds) The bro-
ken symplectic manifold arising from the triple (X⊂, X⊃, Y ) above is the topological
space
X = X⊂ ∪ Y ∪X⊃
obtained by compactifying X⊂, X⊃ by adding a copy of Y and identifying the
copies; this space inherits a natural topology from viewing X as the quotient of X
by the equivalence relation on Z given by the S1-fibration. Thus X is a stratified
space and the link of Y in X is a disjoint union of two circles. The space X comes
equipped with an isomorphism of normal bundles
(97) N = (TX⊂)Y /TY ∼= ((TX⊃)Y /TY )−1.
The infinite neck is the product R×Z and may be compactified by adding copies
of Y at ±∞. For an integer m ≥ 1 define the m− 1-broken symplectic manifold
X[m] = X⊂ unionsq (R× Z) unionsq . . . unionsq (R× Z) unionsqX⊃.
The m− 1 copies of R× Z called the neck pieces. Define
(98) X[m]0 = X⊂, X[m]1 = R× Z, . . . ,X[m]m−1 = R× Z, X[m]m = X⊃.
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For each piece we denote by X[m]i the compactified space obtained by adding one
or two copies of Y at infinity. The complex torus (C×)m−1 acts on the projec-
tivized normal bundleP(N ⊕ C) from (97) given by scalar multiplication on each
projectivized normal bundle:
C× × P(N± ⊕ C)→ P(N± ⊕ C), (z, [n,w]) 7→ z[n,w] := [zn, w].
Similarly define the broken Lagrangian L = L⊂ ∪LY ∪L⊃ where LY = pi(LZ). Let
L[m] = L⊂ unionsq (R× LZ) unionsq . . . unionsq (R× LZ) unionsq L⊃.
The subgroup R× ⊂ C× preserves the Lagrangian pieces L[m]i ⊂ L[m] by assump-
tion. A holomorphic building with k levels is a collection of maps ui : Ci → X[k]i
satisfying the obvious matching conditions at the codimension two submanifolds
Y ∼= X[k]i∩X[k]i+1 and with Lagrangian boundary conditions in L[m]i. This ends
the definition.
The relative version of the compactness theorem [13, Section 11.3], [1] in sym-
plectic field theory describes the limits of subsequence of holomorphic maps with
Lagrangian boundary conditions. Given a sequence of holomorphic maps uν :
Sν → Xτν , τν →∞ with Lagrangian boundary conditions in φ and bounded Hofer
energy EH(uν) there exists a subsequence of uν converging to a holomorphic build-
ing u : S → X with boundary (∂u)(S) mapping to the broken Lagrangian L. In
the case of a family of immersions φ : Lτν → Xτν , if the self-intersection points
Isi(φ) are disjoint from the separating hypersurface Z in which case then a simi-
lar compactness theorem holds. In the case of treed holomorphic disks there are
additional constraints at the boundary nodes we ∈ ∂S. We assume that the cell
structure on L near Z is induced from a cell structure on LZ pulled back from a
cell structure on LY = pi(LZ) via the projection map. The holomorphic building
uν : Sν → X with cellular constraints uν(we) ∈ σe in the cells of L has an symplec-
tic field theory limit u : S → X also with cellular constraints u(we) ∈ [σe] in the
cells [σe] of the broken Lagrangian L, obtained by taking the image of σe under
the map L− LZ → L.
We now discuss regularization of the moduli spaces using Donaldson hypersur-
faces following Charest-Woodward [16]. In that paper only Lagrangians empty on
the neck component were considered, but the modifications necessary to allow for
Lagrangians meeting the neck are minor. A broken divisor D = (D⊂, D⊃) is a pair
of divisors with
D⊂ ∩ Y = DY = D⊃ ∩ Y
such that
φ : LY → Y, φ⊂ : L⊂ → X⊂, φ⊃ : L⊃ → X⊃
are exact in the complement of DY resp. D⊂ resp. D⊃. Any broken divisor
D = (D⊂, D⊃) gives rise to a family of divisors D such that φ : L→ X is exact in
the complement of D, since the section defining D is approximately holomorphic
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constant on φ(L). As in [16], one may first choose a Donaldson hypersurface Dy for
LY disjoint from the Lagrangian LY ⊂ Y . One may then extend to Donaldson hy-
persurfaces D⊂ ⊂ X⊂ and D⊃ ⊂ X⊃, by choosing extensions of the asymptotically
holomorphic sequence of sections.
One then has the broken analog of Theorem 3.12 giving an inductive construction
of regular perturbation data. For any broken type Γ, given perturbations PΓ′ for
lower-dimensional strata MΓ′(φ), there exists a PΓ that makes the moduli spaces
MΓ(X, φ)≤1 of expected dimension at most one compact, regular, and free from
sphere bubbling. The proof of this theorem is almost exactly the same as in
[16], except that the Lagrangian is allowed to meet the neck pieces. The “trivial
cylinders” uv : C× → R×Z in the language of symplectic field theory are contained
in fibers over y ∈ Y . Thus in this case the linearized operator Duv splits as a
trivial part plus the linearized operator for a map of a genus zero surface S into
C with boundary conditions R ∪ iR. Such a map automatically has at least one
deformation, given by dilations C → C, z 7→ cz, c ∈ R on the target. It follows
that each such map uv is automatically regular. For the sake of completeness, we
describe the necessary gluing result in the next section.
6.2. Gluing with Lagrangian boundary conditions. The bijection between
broken disks and disks constructed by a gluing argument produces from any pseu-
doholomorphic building a limiting family of pseudoholomorphic maps. The gluing
argument is expected to be standard but we could not find a suitable reference,
other than Parker [52] whose foundational system is different.
First recall the gluing construction on domains and targets. Given gluing
parameters δ1, . . . , δk > 0 resp. δ0 > 0, the glued domain S
δ1,...,δk resp. tar-
get Xδ0 is obtained from S,X by gluing necks [−| ln(δi)|/2, | ln(δi)|/2] × S1 resp.
[−| ln(δi)|/2, | ln(δi)|/2]×Z of length | ln(δi)| at each node of S separating two lev-
els resp. the divisor Y . In the case that the Lagrangian meets the neck region, we
assume that on the neck we have L∩Z transverse and L∩ (R×Z) = R× (L∩Z).
Theorem 6.3. Let X = X⊂ ∪Y X⊃ and L = L⊂ ∪LY L⊃ be a broken rational sym-
plectic manifold and rational self-transverse immersed broken Lagrangian. Suppose
that u : S → X is a regular broken map with multiplicities m1, . . . ,mk at the sepa-
rating hypersurface Y ⊂ X with boundary in φ for some  < 0. Then there exists
δ0 > 0 such that for each gluing parameter δ ∈ (0, δ0) there exists an unbroken
map uδ : S
δ/m1,...,δ/mk → Xδ, with the property that uδ depends smoothly on δ and
the Gromov limit is limδ→0 uδ = u.
First we construct from any broken map an unbroken map, using Floer’s version
of the Picard Lemma. Afterwards we show that any unbroken map for sufficiently
long neck length is obtained by such a construction. Recall Floer’s version of the
Picard Lemma, [27, Proposition 24]).
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Lemma 6.4. Let f : V1 → V2 be a smooth map between Banach spaces that admits
a Taylor expansion
f(v) = f(0) + df(0)v +N(v)
where df(0) : V1 → V2 has a right inverse G : V2 → V1 satisfying the uniform
bound
‖GN(u)−GN(v)‖ ≤ C(‖u‖+ ‖v‖)‖u− v‖
for some constant C. Let B(0) denote the open -ball centered at 0 ∈ V1 and
assume that
‖Gf(0)‖ ≤ 1/(8C).
The conclusion of the lemma is that for  < 1/(4C), the zero-set of f−1(0)∩B(0, )
is a smooth submanifold of dimension dim(Ker(df(0))) diffeomorphic to the -ball
in Ker(df(0)).
Proof of Theorem. To construct the approximate solution, we begin by recalling
the construction of the deformation of a complex curve at a node. Let S be a
broken curve with two sublevels S+, S−. Let δ ∈ C be a small gluing parameter.
A curve Sδ is obtained by removing small disks U± around the node in the surface
part w ∈ S ⊂ S and gluing using a map given in local coordinates by z 7→ δ/z.
Then Sδ is obtained by replacing S with (S − (U+ ∪ U−))/(z ∼ δ/z).
We represent variations of the domain as conformal variations on a fixed curve.
Let
u− : S− → X− := X⊂
u+ : S+ → X+ := X⊃
be maps agreeing at a point u+(w+−) = u−(w−+) ∈ Y . Let Γ± denote the combi-
natorial types of u± and let
(99) U iΓ± →MiΓ± × S±, , i = 1, . . . , l
be a local trivializations of the universal treed disk. These local trivializations
identify each nearby fiber with (S◦±, z, w) such that each point in the universal
treed disk is contained in one of the local trivializations (99). We may assume
that MiΓ± is identified with an open ball in Euclidean space so that the fiber
S◦± corresponds to 0. Similarly, we assume we have a local trivialization of the
universal bundle near the glued curve giving rise to a family of complex structures
(100) MiΓ → J (Sδ)
of complex structures Sδ that are constant on the neck region. We consider metrics
on the punctured curves S◦± that are cylindrical on the neck region given as the
image of the end coordinates
κC± : ±[0,∞)× [0, 1]→ S◦±.
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Introduce cylindrical ends for X− := X⊂, X+ := X⊃ so that the embeddings
κX± : ∓[0,∞)× Z → X
are isometric. Both the glued target Xδ
µ
and glued domain Sδ are defined by
removing the part of the end with |s| > | ln(δ)| and identifying
(s, t) ∼ (s− | ln(δ)|, t) (s, t) ∈ S1 × (0, | ln(δ)|)
(s, t) ∼ (s− |µ ln(δ)|, t) (s, t) ∈ (0, | ln(δ)|)× Z.
The prerequisite for Floer’s version of the Picard lemma is an approximate
solution to the Cauchy-Riemann equation on the glued curve. Choose a cutoff
function
(101) β ∈ C∞(R, [0, 1]),
{
β(s) = 0 s ≤ 0
β(s) = 1 s ≥ 1 .
We may suppose a shift in coordinates that the maps u± are asymptotic to (µs, tµz)
for some z ∈ Z. The maps u±± considered locally as maps to X◦ are asymptotic to
the trivial cylinder (µs, tµz):
lim
s→∞
d(u+(s, t), (µs, t
µz)) = lim
s→−∞
d(u−(s, t), (µs, tµz)) = 0.
We denote by expx : TxX
δ → Xδ geodesic exponentiation, using the given cylindri-
cal metric on the neck region. We write using geodesic exponentiation in cylindrical
coordinates
u±(s, t) = exp(∓µs,tµz)(ζ±(s, t)).
Define upreδ to be equal to u± away from the neck region, while on the neck region
of Sδ with coordinates s, t define
(102) upreδ (s, t) = exp(µs,tµz)(ζ
δ(s, t)),
ζδ(s, t) = β(−s)ζ−(−s+ | ln(δ)|/2, t) + β(s)ζ+(s− | ln(δ)|/2, t)).
In other words, one translates u+, u− by some amount | ln(δ)|, and then patches
them together using the cutoff function and geodesic exponentiation.
To obtain the estimates necessary for the application of the Picard lemma,
we work in Sobolev spaces with weighting functions close to those needed for
the Fredholm property on cylindrical and strip-like ends in (79). The surface
part Sδ satisfies a uniform cone condition and the metrics on Xδ
µ
are uniformly
bounded. These uniform estimates imply uniform Sobolev embedding estimates
and multiplication estimates. Denote by
(s, t) ∈ [−| ln(δ)|/2, | ln(δ)|/2]× S1
the coordinates on the neck region in Sδ created by the gluing. For λ > 0 small,
define a Sobolev weight function
κδλ : S
δ → [0,∞), (s, t) 7→ β(| ln(δ)|/2− |s|)pλ(| ln(δ)|/2− |s|)
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where β(|s|−| ln(δ)|/2)pλ(|s|−| ln(δ)|/2)) is by definition zero on the complement
of the neck region. We will also use similar weight functions on the punctured
curves
κ±λ : S
◦
± → [0,∞), (s, t) 7→ β(|s|)pλ|s|
Pseudoholomorphic maps near the pre-glued solution are cut out locally by a
smooth map of Banach spaces. Given a smooth map u : Sδ → X denote the space
of infinitesimal deformations
Ω0(Sδ, u∗TX, Tw±Y ) = {ξ : Sδ → u∗TX, ξ(w±) ∈ Tw±Y }
preserving the condition u(w±) ∈ Y . Given an element m ∈ MiΓ and a section
ξ : Sδ → u∗TX define as in Abouzaid [4, 5.38] a norm based on the decomposition
of the section into a part constant on the neck and the difference:
(103) ‖(m, ξ)‖p1,p,λ := ‖m‖p + ‖ξ‖p1,p,λ
‖ξ‖p1,p,λ := ‖(ξ(0, 0))‖p +
∫
Sδ
(‖∇ξ‖p
+ ‖ξ − β(| ln(δ)|/2− |s|)T u(ξ(0, 0))‖p) exp(κδλ)d VolSδ
where T u is parallel transport from upre(0, t) to upre(s, t) along upre(s′, t). Let
Ω0(Sδ, u∗TX, TwY )1,p,λ be the space of W
1,p
loc sections with finite norm (105); these
are sections u of the form expv(ξ) for some covariant-constant TY -valued sec-
tion on the neck v such that ξ has an exponential decay behavior governed by
the Sobolev constant λ. Pointwise geodesic exponentiation defines a map (using
Sobolev multiplication estimates)
(104) expupreδ : Ω
0(Sδ, (upreδ )
∗TXδ
µ
)1,p,λ → Map1,p(Sδ, Xδµ)
where Map1,p(Sδ, Xδ
µ
) denotes maps of class W loc1,p from S
δ to Xδ
µ
. Similarly for
the punctured surfaces we have Sobolev norms
(105) ‖(m, ξ)‖1,p,λ := ‖m‖p + ‖ξ‖1,p,λ,
‖ξ‖1,p,λ :=
( ‖ξ(0, 0)‖p + ∫
Sδ
(‖∇ξ‖p+
‖ξ − β(|s|)T uξ(0, 0)‖p) exp(κ±λ )d VolS◦±
)1/p
.
Geodesic exponentiation defines maps
(106) expupreδ : Ω
0(S◦±, (u
pre
δ )
∗TX)1,p,λ → Map1,p,λ(S◦±, X◦±)
where, by definition, Map1,p,λ(S◦±, X
◦
±) is the space of W
loc
1,p maps from S
◦
± to X±
that differ from a Reeb orbit at infinity by an element of Ω0(S◦±, X
◦
±)1,p,λ (which
may vary at infinity because of the inclusion of constant maps on the end in the
Banach space). For the closed manifolds S±, we have linearized Fredholm operators
Du± : Ω
0(S±, TX)1,p,λ → Ω0,1(S±, TX)0,p,λ
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where by definition Ω0(S±, TX) consists of those sections ξ satisfying various con-
straints such as tangency to the divisor at infinity ξ(w±) ∈ TY . The norms are
defined in the discussion around (80). In the case of the cylindrical end manifolds
u◦± : S
◦
± → X, the assumption λ small on the Sobolev decay constant implies that
the linearized operators
D◦u± : Ω
0(S◦±, u
∗
±TX
◦
±)1,p,λ → Ω0,1(S◦±, u∗±TX◦±)1,p,λ
are Fredholm. The kernel contains any infinitesimal variation of the map by
Lemma 5.3. By the regularity assumption the fiber products
(107) ker(Du◦−)×T (R×Z) ker(Du◦+) ∼= ker(Du−)×T (R×Z) ker(Du+)
are transversally cut out.
The space of pseudoholomorphic maps near the pre-glued solution is cut out
locally by a smooth map of Banach spaces. For a 0, 1-form η ∈ Ω0,1(Sδ, u∗TX)
define
‖η‖0,p,λ =
(∫
Sδ
‖η‖p exp(κδλ)d VolSδ
)1/p
.
Parallel transport using an almost-complex connection defines a map
Tupreδ (ξ) : Ω0,1(Sδ, (u
pre
δ )
∗TX)0,p,λ → Ω0,1(S, (expupreδ (ξ))
∗TX)0,p,λ.
Define
(108) Fδ :MiΓ × Ω0(Sδ, (upreδ )∗TX)1,p → Ω0,1(Sδ, (upreδ )∗TX)0,p
(m, ξ) 7→
(
Tupreδ (ξ)−1∂JΓ,HΓ,j(m) expupreδ (ξ)
)
.
Treed pseudoholomorphic maps close to upreδ correspond to zeroes of Fδ. In addi-
tion, because we are working in the adapted setting, our curves Sδ have a collection
of interior leaves e1, . . . , en. We require
(109) (expupreδ (ξ))(ei) ∈ D, i = 1, . . . , n.
By choosing local coordinates near the attaching points we = Te∩S, the constraints
(109) may be incorporated into the map Fδ to produce a map
(110) Fδ :MiΓ × Ω0(Sδ(upreδ )∗TX)1,p,λ
→ Ω0,1(Sδ, (upreδ )∗TX)0,p,λ ⊕
n⊕
e=1
Tu(we)X/Tu(we)D
whose zeroes correspond to adapted pseudoholomorphic maps near the preglued
map upreδ . The one-form Fδ(0) has contributions created by the cutoff function as
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well as the difference between Ju± and Jupreδ :
‖Fδ(0)‖0,p,λ = ‖∂JΓ,HΓ exp(µs,tµz)(β(−s)ζ−(−s+ | ln(δ)|/2, t)
+β(s)ζ+(s− | ln(δ)|/2, t))‖0,p,λ
= ‖(D exp(µs,tµz)(dβ(−s)ζ−(−s+ | ln(δ)|/2, z)
+dβ(s)ζ+(s− | ln(δ)|/2, t)) +
(β(−s)dζ−(−s+ | ln(δ)|/2, z)
+β(s)dζ+(s− | ln(δ)|/2, t)))0,1‖0,p,λ.
Holomorphicity of u± implies an estimate
(111) ‖((β(−s)dζ−(−s+ | ln(δ)|/2, z) + β(s)dζ+(s− | ln(δ)|/2, t)))0,1‖0,p,λ
≤ Ce−| ln(δ)|(1−λ) = Cδ1−λ,
c.f. Abouzaid [4, 5.10]. Similarly from the terms involving the derivatives of the
cutoff function and exponential convergence of ζ± to 0 we obtain an estimate
(112) ‖Fδ(0)‖0,p,λ < C exp(−| ln(δ)|(1− λ)) = Cδ1−λ
with C independent of δ.
To perform the iteration we apply a uniformly bounded right inverse to the
failure of the approximate solution to solve the Cauchy-Riemann equation. Given
an element η ∈ Ω0,1(Sδ, (upre)∗T (R× Z))0,p, one obtains elements
η = (η−, η+) ∈ Ω0,1(S◦±, u∗±TX◦±)
by multiplication with the cutoff function β and parallel transport T u± to u± along
the path
exp(µs,tµz)(ρ(ζ
δ(s, t) + (1− ρ)ζ±(s, t))), ρ ∈ [0, 1].
Define
η+ = T u+β(s− 1/2)η, η− = T u−β(1/2− s)η.
Since the fiber product (107) is transversally cut out, for any η± ∈ Ω0,1(S, u∗±TX)0,p,λ
there exists
(ξ+, ξ−) ∈ Ω0(S◦±, u∗TX◦±)1,p,λ, Du◦±ξ± = η±, ξ+(w+−) = ξ−(w−+)
where w±∓ ∈ S± are the nodal points considered as the points at infinity in S◦±
and furthermore equal at infinity to an element
ξ∞ ∈ Tu±(∞)(Z × R).
Define Qδη equal to (ξ−, ξ+) away from [−| ln(δ)|/2, | ln(δ)|/2] × Z and on the
neck region by patching the solutions (ξ−, ξ+) together using a cutoff function that
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vanishes three-quarters of the way along the neck:
(113) Qδη := β
(
−s+ 1
4
| ln(δ)|
)
((T u−)−1ξ− − T uξ∞)
+ β
(
s+
1
4
| ln(δ)|
)
((T u+)−1ξ+ − T uξ∞)
+ T uξ∞ ∈ Ω0,1(Sδ, (upreδ )∗TX)1,p,λ
where T δ± denotes parallel transport from u± to upreδ along the path
exp(µs,tµz)(ρ(ζ
δ(s, t) + (1− ρ)ζ±(s, t))), ρ ∈ [0, 1].
Since
η = (T u−)−1η− + (T u+)−1η+
we have
‖DuδpreQδη − η‖1,p,λ = ‖Dupreδ Qδη − (T u−)−1Duδ−ξ− − (T u+)−1Duδ+ξ+‖1,p,λ
≤ C exp((1− λ)| ln(δ)/4|)‖η‖0,p,λ
+C‖dβ(s− | ln(δ)|/4)Qδ−η‖0,p,λ
+C‖dβ(−s+ | ln(δ)|/4)Qδ+η‖0,p,λ
where the first term arises from the difference between Dupreδ and (T u±)−1Du±T u±
and the second from the derivative dβ of the cutoff function β. The difference in
the exponential factors
κ±λ = κ
δ
λ exp(±2sλ), ∓s ≥ | ln(δ)|/2
in the definition of the Sobolev weight functions implies that possibly after chang-
ing the constant C, we have
‖dβ(s− | ln(δ)|/4)Qδ±η‖1,p,λ < Ce−λ| ln(δ)|/2 = Cδλ/2.
Hence one obtains an estimate as in Fukaya-Oh-Ohta-Ono [32, 7.1.32], Abouzaid
[4, Lemma 5.13]: for some constant C > 0, for any δ > 0
(114) ‖Dupreδ Qδ − Id ‖ < C min(δλ/2, δ(1−λ)/4).
It follows that for δ sufficiently large an actual inverse may be obtained from the
Taylor series formula
D−1
upreδ
= (QδDupreδ )
−1Q =
∑
k≥0
(I −QδDupreδ )kQ.
The variation in the linearized operators can be estimated as follows. After
redefining C > 0 we have for all ξ1, ξ2
(115) ‖Dξ1Fδ(ξ1)−Dupreδ ξ1‖ ≤ C‖ξ1‖1,p,λ‖ξ2‖1,p,λ.
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To prove this we require some estimates on parallel transport. Let
T δ,xz (m, ξ) : Λ0,1T ∗z Sδ ⊗ TxX → Λ0,1jδ(m)T ∗z Sδ ⊗ Texpx(ξ)X
denote pointwise parallel transport. Consider its derivative
DT δ,xz (m, ξ,m1, ξ1; η) = ∇t|t=0Tupreδ (m+ tm1, ξ + tξ1)η.
For a map u : S → X we denote by DTu the corresponding map on sections. By
Sobolev multiplication (for which the constants are uniform because of the uniform
cone condition on the metric on Sδ and uniform bounds on the metric on Xδ
µ
)
there exists a constant c such that
(116) ‖DT δ,xu (m, ξ,m1, ξ1; η)‖0,p,λ ≤ c‖(m, ξ)‖1,p,λ‖(m1, ξ1)‖1,p,λ‖η‖0,p,λ.
Differentiate the equation
T δ,xu (m, ξ)Fδ(m, ξ) = ∂JΓ,HΓ,jδ(m)(expuδpre(ξ)))
with respect to (m1, ξ1) to obtain
(117) DTuδpre(m, ξ,m1, ξ1,Fδ(m, ξ)) + T δu (m, ξ)(DFδ(m, ξ,m1, ξ1)) =
(D∂)jδ(m),exp
u
pre
δ
(ξ)(Dj
δ(m,m1), D expuδ(ξ, ξ1)).
Using the pointwise inequality
|Fδ(m, ξ)| < c|dexpupreδ (z)(ξ)| < c(|du
pre
δ |+ |∇ξ|)
for m, ξ sufficiently small, the estimate (116) yields a pointwise estimate
|Tupreδ (ξ)−1DTuδpre(m, ξ,m1, ξ1,Fδ(m, ξ))| ≤ c(|duδpre|+ |∇ξ|) |(m, ξ)| |(ξ1,m1)|.
Hence
(118) ‖Tupreδ (ξ)−1DTuδpre(m, ξ,m1, ξ1,Fδ(m, ξ))‖0,p,λ
≤ c(1 + ‖duδ‖0,p,λ + ‖∇ξ‖0,p,λ)‖(m, ξ)‖L∞‖(ξ1,m1)‖L∞ .
It follows that
(119) ‖Tupreδ (ξ)−1DTuδpre(m, ξ,m1, ξ1,Fδ(m, ξ))‖0,p,λ ≤ c‖(m, ξ)‖1,p,λ‖(m1, ξ1)‖1,p,λ
since theW 1,p norm controls the L∞ norm by the uniform Sobolev estimates. Then,
as in McDuff-Salamon [46, Chapter 10], Abouzaid [4] there exists a constant c > 0
such that for all δ sufficiently small, after another redefinition of C we have
(120) ‖Tuδpre(ξ)−1Dexpupre
δ
(ξ)(Dmj
δ(m1), Dexp
uδpre
(ξ)ξ1))−Dupreδ (m1, ξ1)‖0,p,λ
≤ C‖m, ξ‖1,p,λ‖m1, ξ1‖1,p,λ.
Combining the estimates (119) and (120) and integrating completes the proof of
claim (115).
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Applying the estimates (112), (114), (115) produces a unique solution m(δ), ξ(δ)
to the equation Fδ(m(δ), ξ(δ)) = 0 for each δ, such that the maps u(δ) :=
expupreδ (ξ(δ)) depend smoothly on δ. Note that the implicit function theorem by
itself does not give that the maps uδ are distinct, since each uδ is the result of
applying the contraction mapping principle in a different Sobolev space. 
With the compactness and gluing established we can state the main result on
the behavior of the moduli spaces under the neck-stretching limit. Recall from (30)
that M<EΓ (X,φ) denotes the locus in MΓ(X,φ) with area less than E. Similarly
let M<EΓ (X, φ) denote the locus with area less than E in MΓ(X, φ).
Theorem 6.5. Let X = X⊂ ∪Y X⊃ and L = L⊂ ∪LY L⊃ be a broken ratio-
nal symplectic manifold and φ : L → X a self-transverse Lagrangian immersion
For any energy bound E > 0 there exists δ0 such that for δ < δ0 the correspon-
dence [u] 7→ [uδ] from Theorem 6.3 defines a bijection between the moduli spaces
M<EΓ (X, φ) and M<EΓ (Xδ, φ) for any combinatorial type Γ.
Proof. Injectivity follows from Gromov convergence of uδ to u in Theorem 6.3.
To prove “surjectivity of gluing” we must show that Gromov convergence implies
that any converging sequence is small in the Sobolev norms induced by gluing.
Let u′δ be a family of maps converging to u0 as δ → 0. By definition of Gromov
convergence the surface Sδ is obtained from S using a gluing parameter δC . The
parameter δC is a function of the gluing parameter δ for the breaking of target to
X and converges to zero as δ → 0. The implicit function theorem used to construct
the gluing gives a unique solution uδ to the perturbed Cauchy-Riemann equation
in a neighborhood of the approximate solution upreδ . So it suffices to show that the
maps u′δ are close, in the Sobolev norm used for the gluing construction, to the
approximate solution upreδ defined by (102).
The map on the neck region may be decomposed into horizontal and vertical
component. For the horizontal part of the map piY ◦ u′δ : Sδ → Y , denote by R(l)
the rectangle
R(l) = [−l/2, l/2| × [0, 1].
Since there is no area loss in the limit δ → 0, for any C > 0 there exists δ′ > δC
such that the restriction of piY ◦u′δ to the annulus R(| ln(δ′)|/2) satisfies the energy
estimate of [31, Lemma 3.1]. Thus
(121) piY u
′
δ(s, t) = exppiY upreδ (s,t) ξ
h(s, t), ‖ξh(s, t)‖ ≤ C(es−| ln(δ′)|/2 + e| ln(δ′)|/2−s)
s ∈ [−| ln(δ′)|/2, | ln(δ′)|/2].
A similar estimate holds for the higher derivatives Dkξh(s, t) by elliptic regularity,
for any k ≥ 0.
For the vertical component we compare the given family of maps with the trivial
strip. For l < | ln(δ′)|, but still very large, consider the C×-bundle piR : P → R(l)
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obtained from R × Z → Y by pull-back under piY ◦ u′δ|R(l). The connection on
Z induces the structure of a holomorphic C×-bundle on P , which is necessarily
holomorphically trivializable: There exists a S1 × R-equivariant diffeomorphism
(piR ×$) : P → R(l)× (R× S1)
mapping the complex structure (upreδ )
∗JΓ on P to the standard complex structure
J(R×S1)2 on the right-hand-side R(l) × R × S1. We claim that the holomorphic
trivialization may be chosen to differ from the one given by parallel transport
from the trivial strip by an exponential decay estimate similar to (121). Indeed, the
almost complex structure on R×Z is induced from the almost complex structures
on the base and fiber and the connection α. In the case of Lagrangian boundary
conditions, we assume that the connection one-form is trivial over the Lagrangian:
α|(Z ∩ L) = 0. The vanishing condition can be achieved by using a geodesic
exponentiation using a metric for which L is totally geodesic. Over any subset U
we may trivialize P |U ∼= U×S1 using geodesic exponentiation from the fiber. Write
the connection one-form (abusing notation) α|U ∈ Ω1(U). Any other trivialization
of u∗(R× Z)U is then given by a C×-valued gauge-transformation
exp(ζ) : U → C×, ζ = (ζs, ζt)
and is holomorphic if the complex gauge transform of the connection is trivial.
Thus we wish to solve an inhomogeneous Cauchy-Riemann equation of the form
α = αsds+ αtdt = exp(ζ)
−1d exp(ζ) = dζs + ∗dζt
which in the case of Lagrangian boundary conditions, vanishes on the boundary
U ∩ ∂(R× [0, 1]).
Write the connection and infinitesimal gauge transformation in terms of its
Fourier expansion
α(s, t) =
∑
n∈Z−{0}
αn(s) sin(pint), ζ(s, t) =
∑
n∈Z−{0}
ζn(s) sin(pint).
The Fourier coefficients ζn, n ∈ Z of ζ satisfy an equation(
d
ds
− n
)
ζn(s) = αn(s).
An explicit solution is given by integration
ζn(s) exp(−n(s− s0(n))) =
∫ s
s0(n)
αn(s
′)ds′
so that the solution ζn(s) vanishes on s0(n). We make a careful choice of the Dirich-
let condition ζn(s0(n), t) = 0 for the n-th Fourier coefficient ζn so that the solution
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ζ(s, t) satisfies the same exponential decay condition (121) as the connection α.
Define
s0(n) =

l/2 n > 0
0 n = 0
−l/2 n < 0
.
Now the estimate on the neck region (121) implies by integration
‖ζn(s)‖ =
∥∥∥∥exp(−n(s− s0(n)))∫ s
s0(n)
∫
t∈[0,1]
α(s′) exp(−int)dtds′/2pi
∥∥∥∥
≤ (1/2pi)

C(l/2 + s) exp(−(| ln(δ′)|/2 + s)) n < 0
C exp(−(| ln(δ′)|/2− |s|) n = 0
C(l/2− s) exp(−(| ln(δ′)|/2− s)) n > 0
.
For l sufficiently large absorb the prefactor (l/2−|s|) at the cost of weakening the
exponential decay constant to some ρ ∈ (λ, 1):
(| ln(l(δ))|/2− |s|) exp(−(| ln(δ′)|/2− |s|)) ≤ exp (−ρ(| ln(δ′)|/2− |s|)) .
Thus for k = 0 and any C > 0 we have for l sufficiently large the exponential
decay holds:
‖ζR(l)‖k,2 ≤ C exp(−ρ(| ln(δ′)|/2− l))).
The same arguments applied to the uniform bound on the k-th derivative proves
the same estimate for the Sobolev k, 2-norm for any k ≥ 0. By Sobolev embedding
one obtains a Ck−2-estimate for ζ(s, t) of the form: For any C1 > 0 there exists
l = l(δ) sufficiently large so for (s, t) ∈ R(l − 1),
sup
m≤k−2
|Dmζ(s, t)| ≤ C2C1 exp(−ρ(| ln(δ′)|/2− |s|))
where C2 is a uniform-in-δ Sobolev embedding constant. Thus the holomorphic
trivialization of the C×-bundle P is exponentially small over the middle of the
strip [−| ln(δ′)|/2, | ln(δ′)|/2]× [0, 1] as claimed.
We may now compare the given holomorphic strip with the trivial strip in the
trivialization given by the gauge transformation. Write $(p) = ($s(p), $t(p)) ∈
R× [0, 1] for p ∈ P . Since the complex structure (upreδ )∗JΓ is constant in the local
trivialization the difference between the given map u′δ(s, t) and the trivial strip
µs, tµ
(122) (s, t) 7→ (µs, tµ)−1$(u′δ(s, t)) = ($s(u′(s, t))− µs, t−µ$t(u′δ(s, t))
is also holomorphic. By uniform convergence of u′δ to u on compact sets, we have
(±| ln(δ)|/2 + µs, tµ)−1u′δ(±| ln(δC)|/2 + s, t)→ (0, 1)
as s→ ∓∞ in cylindrical coordinates on X◦±. Thus the difference
(µs, tµ)−1$(u′δ(s, t))
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is holomorphic and converges uniformly in all derivatives to the constant map
±(| ln(δ)|/2−µ(| ln(δC)|)) on the components of R(l)−R(l−2) ∼= ([0, 1]unionsq [0, 1])×
[0, 1] as δ → 0 and l→∞. Define a map ξ′′δ (s, t) by
∂(µs, tµ)−1$(u′δ(s, t)) = ξ
′′
δ (s, t).
The map ξ′′δ (s, t) is also holomorphic in s, t and converges to zero uniformly on
the ends of the strip. It follows from the annulus lemma [31, 3.1] that for any C1,
there exists l sufficiently large so that
(123) ‖ξ′′δ (s, t)‖ ≤ C1(es−l/2 + e−l/2−s).
So
u′δ(s, t) = (µ(s− s0), tµt−10 )ξ′δ(s, t).
for some (s0(δ), t0(δ)) ∈ R× [0, 1] converging to (0, 1) as δ → 0. In particular the
difference of lengths
µ| ln(δC)| − | ln(δ)| → 0
converges to zero: The gluing parameters δC for the domains of uδ satisfy δδ
−µ
C → 1
as δ → 0.
The proof is completed by showing that the given family of solutions is close to
the pre-glued solution. Choose C3 > 0. We write
Sδ = expSδS (m′δ), u
′
δ(s, t) = expupreδ (s,t) ξ
′
δ(s, t)
and claim that
‖(m′δ, ξ′δ)‖p1,p,λ < C3
for δ sufficiently small. By assumption m′δ converges to zero so for δ sufficiently
small
(124) ‖m′δ‖p < /2.
Abusing notation we write ‖ξ′δ|R(l(δ))‖1,p,λ for the expression obtained by replacing
the integral over Sδ in (105) with R(l(δ)) so that
‖ξ′δ‖p1,p,λ = ‖ξ′δ|R(l(δ))‖p1,p,λ + ‖ξ′δ|Sδ−R(l(δ))‖p1,p,λ.
By uniform convergence of u′δ on compact sets, there exists l(δ) with | ln(δ)| −
| ln(l(δ))| → ∞ such that
(125) ‖ξ′δ|Sδ−R(l(δ))‖1,p,λ < C3/4.
Since each holomorphic trivialization $i differs from the trivialization of Pi|U by
an exponentially small factor (123) on the middle of the neck, we have
‖ξ′δ(0, 0)‖ ≤ 2‖(s1, t1, . . . , sk, tk)‖ < C3/8.
Write the trivial strip as a geodesic exponentiation from the preglued solution
(µs, tµ) = expupreδ (ξ
triv
δ (s, t)).
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The restriction of ξ′δ to the neck region R(l) has 1, p, λ-norm given by integrating
the product of (123) with the exponential weight function κδλ defined for ξ
′
δ with
value ξδ(0, 0) on the neck from (105) by
‖ξ′δ|R(l(δ))‖p1,p,λ ≤ 2p−1
(‖ξ′δ − ξtrivδ |R(l(δ))‖p1,p,λ + ‖ξδ(0, 0)|R(l(δ))‖p1,p,λ)
≤ 2p‖ξ′′δ ‖p1,p,λ + 2p−1‖ξδ(0, 0)|R(l(δ))‖p1,p,λ
≤ 2pC3
(
e−pρ(| ln(δ
′)|−l)+pλ(| ln(δ)|−l)/(ρ− λ)
+ep(λ−1)(| ln(δ
′)|−l)/2/(1− λ)
)
.
For (ln(δ′)− l) sufficiently large, the last expression is bounded by C3/4, so
(126) ‖ξ′δ|R(l)‖p1,p,λ ≤ C3/4.
Combining (124), (125) and (126) completes the proof for the case of two levels
joined by a single node. The case of multiple levels joined by multiple nodes is
similar and left to the reader. 
Corollary 6.6. (of proof) If M<E(X, φ) is regular then there exists δ0 such that
for δ > δ0, M<E(Xδ, φ) is regular.
Proof. By Floer’s Picard Lemma 6.4, the nearby solution uδ produced from u0 by
the implicit function theorem also has surjective linearized operator Duδ if Du0 is
surjective. 
Using the broken moduli spaces we may define a broken analog of the Fukaya
algebra: Each of the cells in the cell structure on L induces a map to the broken
Lagrangian L, no longer a homeomorphism on the interior. The underlying vector
space CF (X, φ) is defined in the same way as CF (X,φ), but in equation (45) the
count of elements of MΓ(X,φ) is replaced by a count of elements of MΓ(X, φ),
where the constraints requiring the nodes we to map to the image of cells σe in
L are now replaced by the image of the cells σe in L. We denote by mτn the
composition maps on CF (X,φ) associated to the neck-stretched almost complex
structure Jτ ∈ J (X).
Theorem 6.7. The maps mτn have a limit m
∞
n as τ → ∞ equal to the composi-
tion map mn for the algebra CF (X, φ). The broken Fukaya algebra CF (X, φ) is
homotopy equivalent to CF (X,φ).
Proof. Denote by Jτ the almost complex structure stretched by gluing in a neck
of length τ . As in [16] counts of quilted treed disks define homotopy equivalences
CF (X,φ, Jτ ) CF (X,φ, J(τ+1)).
ζτ
ψτ
We claim that for any energy bound E, the terms in ζτ with coefficient q
A(u), A(u) <
E vanish for sufficiently large τ except for constant disks. Indeed, otherwise there
would exist a sequence (Cν , uν : Sν → X) of treed quilted disks with arbitrarily
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large τ in a component of the moduli space with expected dimension zero and
bounded energy. By Gromov compactness, the limit of a subsequence would be a
disk (C, u0 : S → X) with boundary in φ0 in a component of the moduli space of
expected dimension −1, a contradiction.
The claim implies that there exist limits of the successive compositions of the
homotopy equivalences. For N, τ ∈ Z>0 consider the composition
ζN,τ := ζN+τ ◦ ζN+τ−1 ◦ . . . ◦ ζN : CF (X,φ, JN)→ CF (X,φ, J(N+τ)).
Because of the bijection in 6.5, the limit
ζN = lim
τ→∞
ζN,τ : CF (X,φ, JN)→ lim
τ→∞
CF (X,φ, J(N+τ))
exists. Similarly the limit
ψN = lim
τ→∞
ψN,τ , ψN,τ := ψN+τ ◦ ψN+τ−1 ◦ . . . ◦ ψN
exists. The composition of strictly unital morphisms is strictly unital, so the
composition ψ is strictly unital mod terms divisible by qE for any E. So ψ is
strictly unital. Set ψ = ψ0, ζ = ζ0.
The limiting morphisms are also homotopy equivalences. Let hτ , gτ denote the
homotopies satisfying
ζτ ◦ ψτ − id = m1(hτ ), ψτ ◦ ζτ − id = m1(gτ ),
from the homotopies relating ζτ ◦ ψτ and ψτ ◦ ζτ to the identities in [59, Section
1e]. In particular, hτ+1, gτ+1 differ from hτ , gτ by expressions counting twice-quilted
disks. For any E > 0, for τ sufficiently large all terms in hτ+1 − hτ are divisible
by qE. It follows that the infinite composition
hN = lim
τ→∞
hN,τ , gN = lim
τ→∞
gN,τ
exists and gives a homotopy equivalence between ζN ◦ ψN resp. ψN ◦ ζN and the
identities. 
7. Holomorphic disks and surgery
In this section we prove Theorem 1.3 by combining the homotopy equivalences
in the previous section with broken Fukaya algebras with the local computation in
Section 5.
7.1. The cell structure on the handle. The isomorphism of Floer cohomologies
is induced by a map of Floer cochains that maps the ordered self-intersection points
of the original Lagrangian to the longitudinal and meridian cells in the surgered
Lagrangian.
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Definition 7.1. (Standard cell structures) Topologically the surgered Lagrangian
L is obtained from the unsurgered Lagrangian L0 by attaching the handle Hˇ
diffeomorphic to (−1, 1) × Sn−1. The boundary ∂Hˇ ∼= {−1,+1} × Sn−1 is glued
in along small spheres around the preimages x± ∈ L0 of the self-intersection point
φ(x+) = φ(x−) ∈ X. Choose a cell structure on L0 that includes cells consisting
of small balls σn,± and spheres σn−1,± around the self-intersection points x±. Let
σ0,± be the zero cells in the boundary of σn−1,±. The cell structure L is derived
from that on L0 by removing a ball around each x± and gluing in a single 1-cell
and single n-cell
σ1 : B
1 := [−1, 1]→ L, σn : Bn ∼= Bn−1 × [−1, 1]→ L
along the boundary of 0 cells σ0,± resp. n − 1-cells σn−1,± : Bn−1 → L. Gluing
along the images of the cells σn−1,± creates the handle as in Figure 5. This ends
the Definition.
σ0,−
σn−1,−
σ′n−1,−
σn,−
σn−1,+
σ0,+
σ′n−1,+
σn,+
σ0,−
σn−1,−
σn
σn−1,+
σ0,+
σ′n−1,+σ
′
n−1,−
σ1
Figure 5. Surgery as attaching a handle
The cell structure on the handle is shown in Figure 5. Let φ0 : L → X be
a Lagrangian immersion as in Theorem 1.3. Assume that the codimension one
cells σn−1,± are spheres of small radius around the self-intersection points x± ∈ X,
and let σ′n−1,± be slightly larger spheres as in the Figure. One then obtains a
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cell decomposition for L by replacing the two cells of top dimension with cells
of dimensions n resp. n − 1. The effect of handle attachments on cellular chain
complexes is covered in much more generality in, for example, Ranicki [58, Section
4.2].
7.2. The broken bijection. With the cellular structures on the Lagrangian and
its surgery defined, we now define the chain level map which replaces the ordered
self-intersection points to be surgered with the longitude and meridian on the
handle.
The neck-stretching argument produces a bijection between holomorphic maps
with broken pseudoholomorphic maps. Let X denote the broken manifold obtained
by quotienting the spheres S2n−1 on either side of the n − 1-cells σn−1,± by the
S1-action by scalar multiplication by unitary complex scalars. The pieces of X are
X = X⊂ ∪X0 ∪X⊃
where
(127) X⊂ ∼= CP n, X0 ∼= Bl(CP n) X⊃ = Bl(X)
is a projective space resp. the blow-up Bl(CP n) of projective space at a point resp.
the blow-up Bl(X) of X at the self-intersection point φ0(x−) = φ0(x+).
Proposition 7.2. Let φ0 : L0 → X be an immersed self-transverse Lagrangian
brane and x ∈ Isi(φ0) a self-intersection point. Suppose that dim(X) > 2. Then
for a generic choice of perturbations, every rigid element ofM(X, φ0) whose image
contains x ∈ Isi(X, φ0) has branch change at x.
Proof. An expected dimension argument rules out disks with no branch change.
Since dim(X) > 2, the condition that u(z) = x for some point z ∈ ∂C is codi-
mension two. Thus such configurations do not occur for generic perturbations:
LetMΓ(X, φ0, x)0 denote the moduli space of treed holomorphic disks u : S → X
with boundary on φ0 and an additional point z ∈ ∂S with u(z) = x such that the
underlying configuration forgetting z is in the expected dimension 0 component of
the moduli space. Then MΓ(X, φ0, x)0 is expected dimension −1 and empty for
generic choices of PΓ. 
Definition 7.3. (Correspondence on generators) Define a map
I(φ0)→ I(φ), σ0 7→ σ
by mapping x = (x−, x+) ∈ Isi(φ0) to the meridianal cell µ ∈ Ic(φ), mapping x =
(x+, x−) ∈ Isi(φ0) to the longitudinal cell λ ∈ Ic(φ), and leaving the remaining
generators unchanged. Given σ0 ∈ I(φ0)n+1 define σ ∈ I(φ)n+1 by applying this
map to each generator.
To state the geometric bijection we introduce the following notation. Denote the
subset Mred(X, φ, σ)0 ⊂ M(X, φ, σ)0 with the property that each component
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mapping to X⊂, X0 contain at most one boundary node we attached to a leaf, that
is, with at most one constraint for each time the disk passes through the handle
created by the surgery. These configurations are transversally cut out even for
a perturbation system that is reduced in the sense of Lemma 4.9. As in Lemma
4.11, each reduced configuration is associated to a family of rigid holomorphic disks
with repeating codimension one inputs σn−1,± and σ1 (if the latter is codimension
one.) LetM>0(X, φ0, σ0) denote the locus inM(X, φ0, σ0) of positive energy, and
Mred,>0(X, φ, σ)0 the locus of positive energy, expected dimension zero, and with
at most one constraint each time the disk passes through the handle.
Theorem 7.4. (c.f. Fukaya-Oh-Ohta-Ono 55.11) Let φ0 : L0 → X be an immersed
self-transverse Lagrangian and x ∈ Isi(φ0) a self-intersection point as in Theorem
1.3. For  sufficiently small there exists a bijection between moduli spaces of treed
disks of positive area
(128) M>0(X, φ0, σ0)0 →Mred,>0(X, φ, σ)0, u0 7→ u
preserving orientations. The correspondence (128) changes symplectic areas as in
Lemma 5.7:
A(u) = A(u0) + (κ− κ)A()
where κ resp. κ is the number of corners of a given holomorphic disks with bound-
ary in φ0 which map to x resp. x and A() is the area of (88).
Proof. Our previous analysis of disks on the handle leads to the following descrip-
tion of rigid broken disks. Let
u = (u⊂, u0, u⊃), u⊂ : S⊂ → X⊂, u0 : S0 → X0, u⊃ : S⊃ → X⊃
be a rigid configuration. We begin by analyzing the component nearest the self-
intersection point. By Proposition 5.8 and 5.10, the only possible rigid disks in
X⊂ with boundary on either φ0 or φ are those with a single output we ∈ ∂S, and
are in bijection after adding a constraint σ1 for each occurence of a corner labeled
x. The map u⊂ : S⊂ → X⊂ is the disjoint union of such disks u⊂,i : S⊂,i → X⊂.
Next we analyze the neck piece. The standard complex structure on X0 ∼=
Bl(CP n) makes all holomorphic disks S0 → X0 regular. If the configuration u0 :
S0 → X0 is non-trivial and non-constant, then it must not contain a node we
labelled by the 1-dimensional cell σ1, since C× acts on the space of configurations.
Hence such a configuration u0 : S0 → X cannot be rigid. Similarly, acting by the
C×-symmetry on the fibers of the projection Bl(CP n)→ CP n−1 implies that any
rigid configuration has image a fiber of the projection, and for degree reasons must
be a isomorphic to a fiber of this projection. After forgetting the constraint the disk
is a trivial strip in the language of symplectic field theory. Thus u0 : S0 → X0 is a
union of trivial cylinders, possibly with at most one boundary constraint mapping
to the codimension one cycle in L0.
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Putting everything together we obtain a description of rigid disks. The moduli
space of disks in X⊂ has evaluation map at CP n−1 that is submersive. So after
forgetting the trivial cylinders in X0, any rigid configuration u : S → X consists of
a collection of disks u⊂ : S⊂ → X⊂ with single outputs and a rigid configuration
in u⊃ : S⊃ → X⊃. Thus the bijection between maps with boundary in H0 and
those in H in the local model in Proposition 5.8 and 5.10 produces the desired
bijection between rigid configurations not entirely mapping to the neck region.
Finally we compare the numerical invariants of the disks in the bijection. For n ≥
2, the path from y+ ∈ Rn large to y− ∈ iRn large has action A(), while the opposite
path has action −A(). It follows that the area of a broken disk u0 with boundary
in φ0 differs from the area of the corresponding broken disk u with boundary in φ
by (k−k)A() as in Lemma 5.7. The bijection in (128) is sign-preserving if and only
if the bijection between moduli spaces on the broken piece X⊂ of (127) containing
the self-intersection point x ∈ φ(L) is orientation preserving. This can always be
achieved by changing the orientation on the determinant line D+x . The bijection
preserves the cellular constraints at the evaluation maps by construction. 
Remark 7.5. We discuss constant disks on the neck region; these will be needed
later to prove the invariance of the potential. On the pre-surgered side, there are
two such disks u± : S → X in the case dim(L0) > 2. The first constant disk u−
with inputs x, x and output σn,−, while the second u+ has inputs x, x and output
σn,+. We assume that the cellular approximation maps each cell to a combination
of products of cells in the closure of that cell. Then c(σn,+, σ0,+) = 1 and all other
pairing vanish, since σ0,+ is the unique 0-cell in the closure. Thus the outgoing
labels of these two disks u+ resp. u− are σ0,+ resp. σ0,−. On the other hand, for
the surgered Lagrangian we have two constant configurations corresponding to the
classical boundary σ0,+ − σ0,− of σ1.
Remark 7.6. Combining Theorem 7.4 with Lemma 4.11 gives for permutation-
invariant matching conditions bijections between moduli spaces for r = (r1, . . . , rl)
M>0(X, φ0, σ0)0 →
⋃
r
M>0(X, φ, σr)0, u0 7→ u
where σr is obtained by replacing the i-th occurrence of x in σ0 with ri copies of
µ. Each disk passing once through the handle in the positive direction meets each
generic translate of the meridian σn−1,± exactly once. Similarly, if dim(L0) = 2
then the longitudinal cell is codimension one and r = (r+1 , . . . , r
+
l , r
−
1 , . . . , r
−
s ) if σ
r

is obtained by replacing the i-th occurrence x resp. x with r+i resp. r
−
i copies of
µ resp λ then there is a bijection as above for exactly one of the r+i ! resp. r
−
i !-
factorial of the perturbations of the cycles µ resp. λ since each curve hitting λ hits
each generic translate of λ exactly once.
Lemma 7.7. Let φ0 : L0 → X be an immersed self-transverse Lagrangian brane
and x ∈ Isi(φ0) a self-intersection point as in Theorem 1.3, with perturbations
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induced by the broken limit τ → ∞. For sufficiently large neck length τ , the
moduli spaces M(Xτ , φ) are invariant under replacement of a constraint σn−1,+
with constraint σn−1,− and vice versa.
Proof. By Proposition 5.8 each holomorphic disk ∂u : ∂S → L meets each meridian
the same number of times that ∂u passes through the handle Hˇ ⊂ L (counted
with sign), and the claim follows. 
We may now prove the main results using the bijection between curves con-
tributing to the potentials. First we relate the curvatures of the immersion and
its surgery. We work with the broken Fukaya algebras CF (φ0) = CF (X, φ0) and
CF (φ) = CF (X, φ), which are homotopy equivalent to the unbroken Fukaya al-
gebras by Theorem 6.7. Define Ψ : b0 7→ b as in (2). The derivative Db0Ψ is given
by the identity on all generators except x, x and
(129) CF (φ0)→ CF (φ), x 7→ (b0(x)qA())−1µ+ b0(x)λ, x 7→ b0(x)λ
for dim(L0) > 2 and
(130)
x 7→ (b0(x)qA())−1µ+ b0(x)(b0(x)b0(x)− 1)−1λ, x 7→ b0(x)(b0(x)b0(x)− 1)−1λ
for dim(L0) = 2. Set
c(µ) = ln(b0(x)q
A()), c(λ) = ln(1− b0(x)b0(x)).
We write the composition maps mn in terms of “correlators” pn+1 defined for each
n ≥ 0 by
mn(σ1, . . . , σn) =
∑
σ0,α
pn+1(σ0, . . . , σn)c(σ0, α)α.
Theorem 7.8. We have∑
n≥0
pn+1(Db0Ψ(σ), b, . . . , b) =
∑
r≥0
pr+1(σ, b0, . . . , b0)
for each generator σ ∈ I(φ0).
Proof. Each correlator is a sum over contributions from disks that pass k− resp.
k+ times through the neck region in the negative resp. positive direction:
pn+1(σ0, . . . , σn) =
∑
k−,k+
p
k−,k+
n+1 (σ0, . . . , σn).
Each contribution to p
k−,k+
n+1 has up to k+ groups of inputs labelled µ, and up to k−
groups of inputs with some number (possibly zero) of labels λ followed (cyclically)
by some number (possibly zero) of labels µ. By Remark 7.6, the j-th group of
repetitions may be removed at the cost of changing the correlator by a factorial
rj!, where rj is the length of the group. Let r denote the number of inputs left
after removing repetitions. Denote by i+ resp. i− ⊂ {1, . . . , r} the positions of
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these groups of label µ resp. λ (after replacing each group with a single label.)
Let
b∩ = b0 − b0(x)x− b0(x)
which is the part of b0 and b that agree. Let
σ ∈ I(φ0)− {x, x} = I(φ)− {µ, λ}
so that Db0Ψ(σ) = σ. Let rj resp. sj be the number of repetitions of µ resp. λ in
the j-th group. In the case dim(L0) = 2 we have
∑
n≥1
pn(σ, b, . . . , b) =
∑
i−,i+
 k+∏
j=1
∑
rj>0
c(µ)rj(rj!)
−1

 k−∏
j=1
∑
rj>0
(−c(µ))rj(rj!)−1
1 + ∑
sj>0
c(λ)sj(sj!)
−1

pk−,k+r (σ, b∩, . . . , b∩, µ, b∩, . . . , b∩, λ, . . .)
= (exp(ln(b0(x)q
A()))k+−k−(1 + exp(ln(b0(x)b0(x)− 1))k−∑
i−,i+
pk−,k+r (σ, b∩ . . . , b∩, µ, b∩, . . . , b∩, λ, . . .)
= (b0(x)q
A())k+(b0(x)
−1q−A()(1 + (b0(x)b0(x)− 1)))k−(131) ∑
i−,i+
pk−,k+r (σ, b∩, . . . , b∩, µ, b∩, . . . , b∩, λ, . . .)
=
∑
i−,i+
q(k+−k−)A()b0(x)k+b0(x)k−pk−,k+r (σ, b∩, . . . , b∩, µ, b∩, . . . , b∩, λ, . . .)
=
∑
i−,i+
pr(σ, b∩, . . . , b∩, b0(x)x, b∩, . . . , b∩, b0(x)x, . . .)
=
∑
r≥1
pr(σ, b0, . . . , b0).(132)
Here the expressions pk−,k+r (σ, b∩, . . . , b∩, µ, b∩, . . . , b∩, λ, . . .) indicate the terms in
the expansion for b + c(λ)λ + c(µ)µ that have µ’s at the positions i+ and λ’s at
the positions i−. The first equality above is an application of Remark 7.6, the
second is by the power series of the exponential function, the third and fourth
equalities are algebraic simplifications the fifth is by Theorem 7.4, and the last is
the expansion b0 = b∩ + b0(x)x+ b0(x)x.
The contributions of the constant disks in the above computation match by the
following argument. The contribution of the two constant disks with inputs x, x
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Remark 7.5 to m2(x, x) (which appears in m
b0
0 (1), and corresponds to a contribu-
tion to p3(σ, b, b) for φ0) is b0(x)b0(x)(σ0,+−σ0,−). On the other hand, the classical
boundary of σ1 is σ0,+ − σ0,− (corresponding to a contribution to m1(σ1) and so
a contribution to p2(σ, λ)) for φ). Since the coefficient b(λ) = b0(x)b0(x) the
two contributions match. Note that the constant configurations (C, u : S → X)
mapping to the intersections of the cycles µ, λ with inputs µ, λ and λ, µ cancel
for orientation reasons if µ, λ are odd cycles. Therefore, there are no classical
contributions to mb0 (1) corresponding to the constant disks with inputs x, x and
x, x contributing to mb00 (1). In case dim(L0) = 2, we also have contributions from
inputs x, x, . . . , x to σ0,± with coefficient 1/d as in Definition 72. The sum of these
contributions is∑
n≥1
(b0(x)b0(x)
n(σ0,+ − σ0,−)/d = ln(b0(x)b0(x)− 1)(σ0,+ − σ0,−).
This sum exactly matches the classical terms in p(σn,±, c(λ)λ).
It remains to deal with the cases that the constraint on the output is one of
the cells on the neck. In the case σ = µ the contributions to pn(µ, . . .) arise from
configurations passing either positively or negatively through the neck region at
the outgoing node. A similar computation gives∑
n≥1
pn(µ, b, . . . , b) =
∑
r≥1
q−A()pr(qA()b0(x)x, b0, . . . , b0)
−
∑
r≥1
qA()pr
(
q−A()
1 + (b0(x)b0(x)− 1)
b0(x)
x, b0, . . . , b0
)
=
∑
r≥1
pr(b0(x)x− b0(x)x, b0, . . . , b0)
where the first term arises from configurations passing through the handle posi-
tively and second from configurations passing through the handle negatively. The
presence of a label µ in the 0-th entry forces the zero-th marking to map to the
handle: There are contributions from any number l− entries µ at the end of the
string σ and l+ entries µ after the 0-th entry. These contribute by Remark 7.6 with
a factorial entry l = (1+ l−+ l+)!−1. Since there are 1+ l−+ l+ such entries for each
l (depending on where the 0-th entry appears in the string) we obtain a contribu-
tion of (l+ + l+)!
−1 after summing over these positions and so the computation is
the same as before. Similarly for σ = λ we have∑
n≥1
pn(λ, b, . . . , b) =
∑
r≥1
qA()pr(b0(x)
−1q−A()(b0(x)b0(x)− 1))x, b0, . . . , b0)
=
∑
r≥1
pr(b0(x)
−1(b0(x)b0(x)− 1)x, b0, . . . , b0).
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Hence∑
n≥1
pn(Db0Ψ(x), b, . . . , b) =
∑
n≥1
pn
(
b0(x)
−1µ+
b0(x)
(b0(x)b0(x)− 1)λ, b, . . . , b
)
(133)
=
∑
r≥1
pr(b0(x)
−1(b0(x)x− b0(x)x)(134)
+
b0(x)(b0(x)b0(x)− 1)
(b0(x)b0(x)− 1)b0(x)x, b0, . . . , b0)(135)
=
∑
r≥1
pr(x, b0, . . . , b0).(136)
Similarly∑
n≥1
pn(Db0Ψ(x), b, . . . , b) =
∑
n≥1
pn(b0(x)(b0(x)b0(x)− 1)−1λ, b, . . . , b)(137)
=
∑
r≥1
pr
(
b0(x)b0(x)b0(x)− 1
(b0(x)b0(x)− 1)b0(x)
)
x, b0, . . . , b0)(138)
=
∑
r≥1
pr(x, b0, . . . , b0).(139)
If σ has no x, x terms then Db0Ψ(σ) = σ. Together (132), (136), (139) imply the
result for dim(L0) = 2.
The case dim(L0) > 2 is easier and details are left to the reader. For degree
reasons any disk meeting λ has a single (not repeated) label on the boundary,
and each disk passing through the handle in the negative direction must have one
node marked λ to be rigid. The computation is then the same as in the case
dim(L0) = 2, but without the repeated λ inputs and taking c(λ) = b0(x)b0(x). 
Proof of Theorem 1.3. By Theorem 7.8 the composition maps for CF (φ0) and
CF (φ) are the same except for the application of Db0Ψ in (129), (130). Hence
b0 ∈MCδ(φ0) ⇐⇒ b ∈MCδ(φ)
and the corresponding potentials are equal. Since Db0Ψ(1φ0)) = 1φ , we also have
W0(b0) = W(b).
To obtain an isomorphism of Floer cohomology we will isolate a quotient CF ess(φ0)
of CF (φ0) that captures the cohomology HF (φ0, b0), and a quotient CF
ess(φ) of
CF (φ) capturing the cohomology HF (φ, b). We will then construct a chain
isomorphism CF ess(φ0) → CF ess(φ). We want CF ess(φ0) and CF ess(φ) to have
the same number of generators. The generators for φ are obtained by removing
two top-dimensional cells and two ordered self-intersections and gluing in cells of
codimension zero and one. Hence CF (φ0) has dimension two more than CF (φ).
We will quotient CF (φ0) by a subcomplex of two more than that of CF (φ). The
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construction will involve a quotient by a four-dimensional complex of CF (φ0) and
a two-dimensional subcomplex of CF (φ). Let
CF loc(φ0) = span({σn−1,±, σn,±}) ⊂ CF (φ0).
Since the almost complex structure near the self-intersection points are the stan-
dard ones, there are no rigid curves with labels σn,± on the incoming semi-infinite
edge with positive area. Thus
mb01 σn,± = ∂σn,± = σn−1,±.
The quotient CF ess(φ0) = CF (φ0)/CF
loc(φ0) fits into a short exact sequence
0→ CF loc(φ0)→ CF (φ0)→ CF ess(φ0)→ 0
inducing a long exact sequence in cohomology. Since CF loc(φ0) is acyclic,
(140) H(CF ess(φ0),m
b0
1 )) = H(CF (φ0, ),m
b0
1 ).
Similarly we claim that the two-dimensional subspace
CF loc(φ) = span({σn, σn−1,+ − σn−1,−}) ⊂ CF (φ)
is a subcomplex. Indeed since the holomorphic disks in pieces X0, X⊂ are those
for the standard, domain-independent almost complex structure JD we have no
quantum corrections in the formula
mb1 (σn) = ∂σn = σn−1,+ − σn−1,−
which proves the claim. The quotient CF ess(φ) = CF (φ)/CF
loc(φ) fits into a
short exact sequence
0→ CF loc(φ)→ CF (φ)→ CF ess(φ)→ 0.
Since CF loc(φ) is acyclic,
(141) H(CF ess(φ),m
b
1 )
∼= H(CF (φ, ),mb1 ).
Finally we compare the reduced complexes for the surgered and unsurgered
immersion. Comparing CF ess(φ) to CF
ess(φ0) we see that CF
ess(φ) has two
additional generators, corresponding to the longitudinal cell in dimension 1 and
the meridianal cell in dimension n − 1, but two fewer generators corresponding
to ordered self-intersection points (x+, x−), (x−, x+) ∈ Isi(φ0). So the complexes
CF ess(φ) and CF
ess(φ0) have the same dimension. We write for α ∈ I(φ0)
(Db0Ψ)(α) =
∑
β∈I(φ)
(Db0Ψ)α,ββ.
Let c0 resp. c denote the coefficients of the approximation for the diagonal for L0
resp. L. Modulo the identification σn−1,− = σn−1,+ we have
(142) c0(x, x) = c0(x, x) = c(µ, λ) = c(λ, µ) = 1.
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We may assume that the diagonal approximations agree away from the cells σn,±
in L0 and σn in L. Then (142) implies
c0((Db0Ψ)
tα, β) = c(α, (Db0Ψ)β), ∀β ∈ I(φ0), α ∈ I(φ).
Theorem 7.8 implies that as elements of CF ess(φ)
mb01 (γ) =
∑
n,k,σ,β
pn(σ, b0, . . . , b0︸ ︷︷ ︸
k
, γ, b0, . . . b0)c0(σ, β)β
=
∑
n,k,σ,β,δ
pn((Db0Ψ)σ,δδ, b, . . . , b︸ ︷︷ ︸
k
, Db0Ψ(γ), b, . . . b)c0(σ, β)β
=
∑
n,k,σ,β,δ
pn(δ, b, . . . , b, Db0Ψ(γ), b, . . . b)c0((Db0Ψ)σ,δσ, β)β
=
∑
n,k,δ,β
pn(δ, b, . . . , b, Db0Ψ(γ), b, . . . b)c0((Db0Ψ)
tδ, β)β
=
∑
n,k,δ,β
pn(δ, b, . . . , b, Db0Ψ(γ), b, . . . b)c(δ, (Db0Ψ)β)β
=
∑
n,k,δ,β
pn(δ, b, . . . , b, Db0Ψ(γ), b, . . . b)c(δ, β)(Db0Ψ)
−1β
= (Db0Ψ)
−1mb1 (Db0Ψ(γ)).
The map Db0Ψ is obviously bijective and so a chain isomorphism. Hence we obtain
an isomorphism of cohomology groups
HF (φ, b) ∼= HF ess(φ, b) ∼= HF ess(φ0, b0) ∼= HF (φ0, b0)
as claimed. 
Remark 7.9. The map of Maurer-Cartan spaces in Theorem 1.3 is a surjection
onto the space of solutions b ∈MC(φ) satisfying
(143) b(σn−1,+) = 0.
The condition (143) can always be satisfied by Lemma 4.5. It follows that the map
of Maurer-Cartan spaces in Theorem 1.3 is surjective up to gauge transformation.
Standard arguments would produce an identification of the surgered and unsurg-
ered Lagrangian branes as objects in the Fukaya category, given the construction
of a Fukaya category in the cellular model.
Remark 7.10. Recall that a deformation of a complex space X0 over a pointed
base (S, s0) is a germ of a flat map pi : X → S together with an identification
pi−1(s0)→ X0; a deformation is versal if it is complete, that is every deformation
is obtained by pullback by some map; note that this is weakest notion of versality
in the literature [14]. There natural notions of deformation of morphisms, coherent
sheaves, and so on [66]. A naive notion of deformation of an immersed Lagrangian
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brane φ → L is given by a family bs ∈ MC(φ) parametrized by s ∈ S. However,
clearly this notion is inadequate as the deformation does not include the surgered
branes near L, and one seems to have codimension walls at valq(b) = 0. The results
of this paper imply that those walls vanish by adjoining the Maurer-Cartan spaces
of the surgeries. In this somewhat vague sense, we have shown the existence of
versal deformations of Lagrangian branes including the surgered Lagrangians; note
that the walls created by zero q-valuation at generators other self-intersections can
be crossed as in footnote 5. It would be interesting to know whether there is a
more precise definition of deformation of a Lagrangian brane similar to that of
coherent sheaf in algebraic geometry.
Remark 7.11. It follows from the repeated input axiom Lemma 4.11 that the co-
efficient of µ may be set to zero at the cost of shifting the local system by the
formula (3). Similarly, suppose that dim(L0) = 2 and L0 is connected. Then
there exists a 1-chain κ ∈ C1(L0) with ∂κ = σ0,− − σ0,+. In particular, κ + λ is
then a classical one-cycle of cellular one-chains. Assuming the divisor equation
(68), the Fukaya algebra CF (φ, b) is homotopy equivalent to the Fukaya alge-
bra CF (φ, b − ln(b0(x)b0(x)− 1)(λ+ κ)) with the local system described in (6).
Note that the local system b − ln((b0(x)b0(x) − 1)(λ + κ)) has no coefficient of
λ. This seems to be equivalent to the formula obtained by Pascaleff–Tonkonog
[53, Theorem 1.2] and Dimitroglou-Rizell–Ekholm–Tonkonog [23, Theorem 1.2]
for connected, simply-connected Lagrangians of dimension two. In those papers,
the potential is defined as a function W : R(φ) → Λ on the space of local sys-
tems counting Maslov index two disks passing through a generic point, and the
Lagrangian L0 is assumed monotone. The discussion simplifies in this case and the
bijection between disks in Theorem 7.4 suffices to prove invariance of the potential.
7.3. Mapping cones. The original intent of Fukaya-Oh-Ohta-Ono [32, Chapter
10] was to identify the mapping cones of an intersection point in the Fukaya cat-
egory with the Lagrangian surgery; see also Abouzaid [3], Mak-Wu [47], Tanaka
[67], and Chantraine-Dimitroglou-Rizell-Ghiggini-Golovko [15, Chapter 8]. The
special case that one of the Lagrangians is a Lagrangian sphere was treated earlier
by Seidel [60] in his paper on symplectic Dehn twists. Pascaleff-Tonkonog [53]
and Mak-Wu, in progress, have developed a generalization to clean intersections,
related to higher-dimensional analogs of Lagrangian mutation.
The results of this paper specialize to the following relationship between surg-
eries and mapping cones explained in [32, Chapter 10], which we include for the
sake of completeness. Suppose that the immersion φ0 : L0 → X is the disjoint
union of embeddings φ± : L± → X,
φ0 = φ− unionsq φ+ : L− unionsq L+ → X.
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To define the mapping cone, recall that CF (L−, L+) is the subspace of CF (φ0)
generated by the intersection points of L−, L+. As vector spaces
CF (φ0) ∼= CF (L−)⊕ CF (L+)⊕ CF (L−, L+)⊕ CF (L+, L−)
and CF (L±) are A∞ sub-algebras. The space CF (L−, L+) is naturally an A∞
bimodule over the A∞ algebras CF (L−) and CF (L+). The deformed coboundary
operator
m
b−,b+
1 : CF (L−, L+)→ CF (L−, L+), b± ∈ CF (L±)
squares to zero for b± ∈MCδ(L±).
The mapping cone construction for A∞ algebras is similar to that for chain
complexes, but with higher order corrections. An odd element b ∈ CF (L−, L+) is
a cocycle if m
b−,b+
1 (b) = 0. The mapping cone Cone(b) is the A∞ algebra
Cone(b) = CF (L−)[1]⊕ CF (L+)
with composition maps induced by allowing b as an insertion: If b− = b+ = 0 then
the composition maps involving inputs from different Lagrangians are defined by
(144) m
Cone(b)
d (x
−
1 , . . . , x
−
j− , x
+
1 , . . . , x
+
j+
)
= md+1(x
−
1 , . . . , x
−
j− , b, x
+
1 , . . . , x
+
j+
), j− + j+ = d
where x±1 , . . . , x
±
j± ∈ CF (L±). The general case is similar by allowing arbitrary
numbers of insertions of b−, b+, see for example Seidel [63, 2.10]. If b is m
b−,b+
1 -
closed and b± ∈ MC(L±) then Cone(b) is projectively flat, that is, mCone(b)0 (1) is
a multiple of the unit. More generally the construction defines exact triangles in
the derived Fukaya category [63, (2.4)].
Theorem 7.12. (c.f. [32, Remark 54.9, Chapter 10])Let L± → X be transverse
embedded Lagrangian branes intersecting transversally with dim(L±) ≥ 2. Let
b± ∈ MCδ(L±) be projective Maurer-Cartan solutions. Suppose that x ∈ L− ∩ L+
is an odd self-intersection point and
b = b0(x)x ∈ CF (L−, L+), valq(b0(x)) = −A()
is a cocycle, with support disjoint from the support σ ∈ I(φ0), b±(σ) 6= 0 of b±.
Let φ denote the -surgery with local system y from (3). Then the Fukaya algebra
CF (φ) is homotopy equivalent to the mapping cone Cone(b) on x ∈ CF (L−, L+).
Embeddedness means that there are no “wrong way” corners to deal with in the
bijection between holomorphic disks. The special case that one of the Lagrangians
is a Lagrangian sphere was treated earlier by Seidel [60]. In this case, say L−
is a sphere, the surgery φ : L → X is embedded and Hamiltonian isotopic to
the Dehn twist τL−L+ of L+ around L−. Here the Dehn twist τL− ∈ Aut(X,ω)
is a symplectomorphism on X that restricts to minus the identity on L− and is
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supported on a neighborhood of L−. Surgering all self-intersections simultaneously
gives an exact triangle in the derived Fukaya category
Hom(L−, L+)L− → L+ → τL−(L+),
see Seidel [63, Proposition 9.1].
Proof of Theorem 7.12. The proof of Theorem 7.12 uses a special case of the bijec-
tion established previously in Theorem 7.4. Let φ± : L± → X be embeddings as in
the statement of the theorem and b± ∈ MCδ(L±) weak Maurer-Cartan solutions.
In this case, one can take the cell structure on L by gluing together the spheres
σn−1,±, so that CF (φ) has the same dimension as CF (φ0). Any configuration
(C, u0 : S → X) contributing to a structure map of Cone(b) corresponds under
the bijection of curves with a curve (C, u : S → X) with boundary on φ, with
number of corners of u on x corresponding to the number of times that u passes
through the handle, always positively. The area of A(u) is A(u0) + (κ−κ)A() as
in Lemma 5.7. Counting rigid curves u defines the differential on CF (φ) using
the bounding cochain b− + b+ and one obtains an identification of complexes as
before. 
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